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My Worthy Friend, 
Cuarwes Cox, £/9; 


Member of Parliament for the 
Burgh of Southwark. — 
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ÉG count it not the leaft, that you 
\@) have given me a Rife to revive 
Sez my Mathematical Studies; in 
which, as I have formerly fpent fome Time, 
fo I know of no more a/eful Way of employ- 
ing my leifure Hours. 

And indeed, Sir, the Diverfion and .44- 
vantage 1 have lately reaped from them, hath 
(by the Divine Bleffing) both fupported me 
under, and in a good Meafure carried me 
through fuch Preflures and Difficulties, as I 
once almoft defpaired of furmounting. 
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The Epiftle Dedicatory. 


The Mathematick Leë&lure which You at 
firft fet up gratis in your Bargh, and which 
out of an uncommon Generofity, You did af 
terwards remove into the City of London, is 
ademonftrativeProof both of your fincereEn- 
deavour to promote the Good of your Coun- 
try, and alfo of your Capacity to do it the 
beft Way. And as I have already, in a good 
Degree, fo I hope to fee fuch Effects from fo 
noble a Defign, as will render your Name 
juftly honourable to Pofterity, as well as this . 
prefent Age. Sir, You know your Self and 
Me too well to take this for Flattery.  * Tis 
what Truth, Fuffice and Gratitude oblice me 
to fay. 

I thall only add, That Iam again glad of 
this Opportunity to fhew the juft Efteem I 
have of your Merit, and the equal Regard I 
have for your Friendfhip. Jam, 


S HR 
Your moft obliged 


Flumble Servant, 


Folu Harris. 
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READER. 


à Fter frequent Peru/al, and mature De- 
D liberation on this Book ; I judge it to be 
the plaineft, Jhorte/t, Based yet eafi if 
Geometry I have ever feen publifh’d 
And therefore I thought it very well 
worth my while valet it appear a feventh 
Time in our own Language, cs it had already done 
twice before in the Latin Tongue. ’And’tis fo well 
efleen à of by very competent Ju dges amougft Us, as to 
be read in our Univerfities, by Tutors to their Pupils: 
— And alfo, which is not ufual with Books of this 
Kind, the three firft Impreffions were fold off in a little 
more than as many Years Time. 

As to the Tranflation; I have by no means obliged 
my felf fervilely to follow the French way of Ex- 
preffion ; for indeed a literal Verfion of a Book out 
of any Language will be fearce intelligible in Englifh. 
f have therefore all along aimed rather to give you 
F. Pardies’s Senfe, than bis Words; and have made 
, kim fpeak what I judge be would have done, had he 
wrote in our Language. I have made no Scruple to 
addany thing that I faw necelfary, to render him clear 

1 and 
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and intelligible ; and particularly what follows, which 

was not in fome of the former Editions. 

As the fecond Book of Euclid about the Power of 

- Lines ; The Menfuration of the Surfaces of Solids ; 
Archimedes his Proportion of the infcribed Cone and 
Sphere to the circumfcribing Cylinder; the Figure of 
the 5 regular Bodies ; feveral Additions and Improve- 
ments in the Doctrine of Proportion: The Menfura- 
tion of the Fruftums of Pyramids and Cones; fome 
new Properties of a Right-angled Triangle, and of 
the Circle, &c. TL have alfo left out fome more of Par- 


dies’s Propofitions, which, on repeated Experience in 


Leaching, I have found lefs ufeful; as alfo all the Ele- 
ments of Plain Trigonometry, which I had before ad- 
ded to his Ninth Book ; becaufe T have publifb’d a fmall 
Treatife on that Subject by itfelf ; and my chief Aim 
now hath been to lead the Learner into a little more ab- 
firatied and concife, tho’ a moft ufeful and univerfal 
Method of Demonfiration ; introducing now and then 
a little Algebra, that I thereby engage the Reader in 
a Love of, and Value for that moft noble and wonder- 
ful Science: And to give him a good Foundation to 
build upon, and a fufficient Rife thereby to carry bim 
into Fluxions, and the new Methods of Invefligation 
and Demonftration, where be will find fufficient Satif- 
faction. Nor need he be difcouraged at the Attempt, 
for ’tis well known, that Î have taught Jeveral Per- 
fons to underfiand the Elementary Parts of all Mathe- 
maticks fo well, that they bave been able to go on every 
where, without the Affifiance of any Mafier, in lefs 
than aYear’s Time, 


PARDIES S. 


Parpiess Advice to thofe 
who would Under fiand 
Geometry. 


HEY ought to enure them- 
GG {elves to confider well the /7- 
ES gures, at the fame Time as 
fae they read the Propofitions. 
SONSEES There will be fome Labour 
and Difficulty at firft, but they will break 
thro’ it in two or three Days. | 
II. They ought not to be difcouraged, if 
they meet with fome Things which they do 
not underftand at firft; Geometry is not fo 

eafie to be attained, as Hiftory. 
ITI. If, after they have read and confi- 
dered attentively any Propofition, they find 
they don’t underftand it, let it be pañed 
_ over, it will probably be intelligible by read- 
ing farther, or at leaft when they have gone 
over the whole, and have began to read it 
over a-new. There are indeed many things 
in Geometry, that will never be well under- 

ftood at firft reading over. 

IV. The 


Advice to thofe, &c. 


IV. The Numbers which are within the 
Parenthefis, v. er. (3. 14.) fhew that the 
Matter ‘there fpoken of, hath been proved 
elfewhere, viz. in this Inftance, in the 14th 
Article of the IIT Book : And they ought al- 
ways to mindthe Number of the Article, and 
to confult the Places referred to, that fo they 
may gain the Demonftration of what they 
read. ? poet tae 

V. When they meet with any Words 
which they don’t underftand, they may con- 
fult the Table at the End of the Book. 

VI. ’Tis good to havea Mafter at firft, to 
-explain to them the Nature and Manner of 
the Demonftrations; for by that Means they 
will underftand the Thing much eafier, and 
much fooner, than they can do by reading by 
themfelves. | Pee 
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Of Lines and Angles. 


se Y the Word Quantity, which in 
@s the General is the Subjeét of Geo- 
3S “etry, we mean that whereby one 
Thing being compared with an- 
other of the fame Nature, may be 
mre {aid to be Greater or Lefs than, E- 
qual or Unequal toit: As Extenfion,7.¢. Length, 
Breadth or Thicknefs, Number, Weight, Time, 
Motion, and all thofe things which are capable of 
being fo compared as to More or Lefs, are the Ob- 
ject of Geometry. 3 
72. We defign neverthelefs to confider now only. _ 
Extenfion ; as being that which fervesfor.an. Evami- 
ip and Ryle to meafure all other Quantities by. 
LE 13 2 i&. oy hae 
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4 3, That Quantity which, being fuppofed without . 
a8 Breadth or "Phicknels, is” éxtentied only in. 
Length, is called a Zive. ‘That which hath both. 
Length and Breadth (but is fuppofed to have no 
Thicknefs) is called a Surface, or Superficies : And — 
that which hath Length, Breadth and Thicknefs, 

is ealledsa Body #or Sod, 2. . 2 : + 

3 4. À Pcintis that, which is confider’d as having 
no manner of Dimenfions ; and as being indivifible 
in every refpeét. The.Ends or Extremities of 
Lines, as alfo the Middle of them, are Points. 

s.. There.are Strait Lines, and there are Crooked 
ot Curved ones: Alfo there are Even and. Plain 
Surfaces which ate called Planes; and there are 
Crooked or Curved ones, which like a Vault (or the 
Tilt of a Boat or Waggon) are Convex above, and 
Concave below. % 2 64 fi : 
The Generation of Lines may eafily be conceived 

to be made by the Motion or Fluxion of a Point, 
as A: LA t à 


| Which if it move direétly from thé Term A t@ — 

the Term C, or go the neateft or; fhorteft Way 

poflible, it then forms what Geometers callaRighe,: 

or Strait Line. me, +057 wr Per 

_ Lfie go fir dire@ly to B, and then allo thenear- 

eft Way to C; it forms two Right Lines, AB andy — 
BC, which, taken together, ate longer than,the, 

Tine AC; and confequently, two Sides of any — 

| Triangle muft be longer than the Third. : à 


v, 


| 
| 


_giné thofe Lines to be moveable 
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If the Point A move not in one or more right or 

ftrait Lines towards C, ic mutt go crooked, and fo 

will form a Curve or crooked Line, as ADC. — 

And from hence’ alfo is plain, That any two 
Points, moving with equal Velocity, will in the 
fame Time generate equal Lines. 

6. When two Lines meet in a Point, the Afer- 
ture, Diftance or Inclination between them, is call’d 
an Angle. Which, when the Lines forming it are« 
right or ftrait ones, is called a Refilineal Angie ; 
as A. But if they are crooked, ’tis called a Curvi- 
lineal One ; as B. And when one is ftrait and the 
other crooked, ‘ris called a Afix’d Angles as Cx 


N. B. The Lines, forming any Angie, are called 
ats Legs, 


YO (Rly 
7. That Angle is faid to be léfs than another, 
whofe Legs are more inclined to (cr #earer to) each 
other. Let there be two Lines A B and AC meet- 
ing in the Point A. If you ima- - 
s FG 
like the Legsofa Pair of Compaf- re 
fes, and yet faftened togetherin A, A VC 
as with a Joint, "tis éafy then to 
conceive, that the further they are 
opened, or parted from one ano- 
ther, the greater willbe the Angle between them : 
Ais on the contrary, the néarer they are broughr to- 
sether, the more they will incline towards each other, 


= 


and fo the Angle between them mufi be the lefs. 


B 2 . 8. It 
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8. It muft therefore be obferved, that the Quan- 
tity of Angles is by no means meafured by the 
Length of their Legs, but by their Inclination. 
Thus, v. gr. the Angle B is bigger than A; tho’ the 
Legs of the Angle B, are much fhorter than thofe © 

of A: But then thofe of A are 

3 much more inclined to each o- 
A ther, thanthofe of B. And to 

5 Arie apprehend this the better, ima-. 
TaN VE gine the Angle B to be put up- 
Vi on A, as you may conceive by 
the prick’d Lines about A, 
which reprefent the Legs of B lying onit. For ’tis 


_ plain the Angle A will be eafily contained within B 5 


and that its Legsare much more inclined to one ano- 
ther, than thofe of B, and therefore it is lefs than B. 
9. An Angle is ufually marked by three Letters, 
of which the middlemoft, and which always is 
placed at the Angular Point where the Lines meet, 
denotes the Angle. As in the Figure. following 
bac denotes the Angle made by the two Lines à 4 
and ¢4@ meeting inthe Point 4. | | 
10. Ifwe imagine the Line 42 faftened by its End | 
4, in themiddle of the Line 4c, but yet fo as to be 
moveable to #,.as on a Center : 
eS ee If then you conceive it to be 
"1 jf. ~ moved quite round, ’till it arrive 
d:_ 4 :c¢ at the Place where it began, the 
5 @ 7 © Point # will. defcribe a. Curve 
AL ere Line, which is ufually called a 
Fa Circle ; but ’tis rather the Czr- 
cuneference of a Circles for properly {peaking, theCir- 
cle isthe Space contained wi in the Circumference. 
11. Any Part of the Circumference is called an 
Ark, as De. a 
12. The Line 4e(paffing through the Center) and 
terminated by the Circumference, is called the Dia- > 
meter , 


Book I. of GEOMETRY. 5 


meter, and divides the Circle into two equal Parts. 
Alfo every Right Line paffing thro’ the Center 4 
(and terminated at each End by the Circumference) 
divides the Circle into two equal Parts, 4 will be 
a Diameter. | | 

. 13. The Line a or ac, or any other drawn from 
the Center to the Circumference, is called the Ra- 
dius, or Semi-diameter. | | 

14. All Raaius’s or Semi-diameters (of the fame 
or equal Circles) are equal (45 7s plain from the 
Genefis of a Circle given in Art. 10.) 

15. Whenthe End 2 of the Radius 47 is equally 
diftant from the two Ends of the Diameter 7c; 
That is, when the Point 2 is in 
the very middle of the Semi-cir- Ae 
cumference 4b¢3 then will ba VE Laps 
make two Angles with dc that are fret 
called Right ones, which are e- CRU 
qual to one another, that is, the : 
Angle 4 a b is equal to Zac. And 
if the Line Ÿ @ be produced below 
to e, it fhall then (with 7c) make four Right An- 
gles; and it will be another Diameter ; which with 
Le former 4c will divide the Circle into four equal | 

arts. 
16 Then thofe Lines are faid to be perpendicu- 
lar one to another, w/3. ba to dc, and 44 to be. 

17. But if 2 be nearer to one End of the Diame- 
ter (or Right Line) 46, than it is to 
the other, it is then faid to fall on Ve 

“a 
e 


ras 


G 


the other obliquely ; and it makes 
with 4c two Angles that are une- d 

qual: Of which the Leffler Jac 
is called Acute, and the Greater 
44 is called Obtufe. 


B 3 if 
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Ifthe Line 42 be produced to e, it will be a new 
Diameter, and will make below two other Angles: 
| So that in the whole here will be 
four Angles; of which thofe two 
that touch only in the Angular 
G Point, as ac and ead; as alfo, 
4ab and eac, are called Vertical, 
or Oppofite Angles. But thofe that 
| have one Leg common to both, as 
dab and bac; and bac and eac are called 47- 
joining or Contiguous Angles. | | 
18. Thofe Angles, which (at equal Diftances from — 
the Angular Point) are fubtended by equal Arks, 
are alfo equal themfelves. Asif the Ark &c be pro- 
ved equa} to the Ark Ze, then will the Angle # ac 
be equal'to dae. : 3 nyt 
19. The two Coatiguons Angles, taken together, 
are always equal to two Right ones. 3 
For as the Line 2¢ is a Diameter, and therefore : 
cuts the Circle into two equal Parts,the two Arks, 
4 D and bc, taken together, will be equal to a Semi- 
circle.  Whereforethe two Angles, 44h and bac, 
together, will be equal to two Right ones, becaufe 
they compleat the whole Semi-circle, as two Right : 
ones do. (Art. 15.) TU 
20, So that this Propofition is of univerfal Truth, 
That cue Richt Line, falling omanother, makes the 
Coutisuons dugtes(together) equal totwo Right ones. 
For ifthe Lines are Perpeuaicular to each other, as 
P44 is to dc; then ’tis plain the © 
pl /& Angles muft be Right (by the 15°) 
| /. And \if the Line fall obliquely, as” 
] 7  _&adoth, then indeed the Angles ” 
“qa areumequals But aganuch 4s the®: 
Obtufe one 4 4 b exceeds one Right 
Angle, by fo much is the Acute one Dac exceeded 


by 
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by the other Right one. So that the Smallnefs of 
one is compenfated by the Greatnef’s of the other. . 

21. Hence alfo it follows converfely (for where- 
ever the Property is.found, there the Thing is, in 

Geometry) that if two Angles, which have one Leg 
common to both, do make Angles equal to two 
Right ones, their other Legs do make but one Right 
Line. Let the Angles 444 and 2 ac be (tcgether) 
equal to two Right onés, ‘Then I fay, that the 
Lines #4 and ac do join fo together, as to make 
one Right Line (vid. Fig. in Art. 17.) which ds 
clear from what hath been faid. For if on theCenter 
a you deferibe a Circle dice, the two Arks 42 and 
bc will be equal to a Semi-circle, becaufe the two 
Angles4aU and bac are fuppofed to be equal to 
two Right ones. Wherefore the Lines 74 and ca 


will make a Diameter, and confequently be joined | 


into one Right Line. 

22. Lf from the Point 4 you draw feveral Lines, as 
a4, af, ab, ah, ag, &§ec. they will make diverfe 
Angles ; and all thofe Angles taken together, bethey 
more or lefs, will be equal to four 
Right ones. For ’tis clear, all pu 
thefe Angles together do compleat ape 
the Circle ¢2ce, whofe Circum- ‘dl ae, 
ference they divide into as many ‘| 
Arks as there are Angles, Now. 
ail thefe together are equal to four S 
Quarters of a Circle ; which is. ~ | 
as much.as to fay, that all the Angles are equal in 
the whole to four Right ones; for fo many Right 
Angles do alfo compleat the Circle. | 


BA ob cite AKOf GM 
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AXE OM: Er 
Tf toy.or from equal Things, you. add or fub- 
tratt. Equals, the Sums or Remainders will 
be equal, PET | OF 1 À 
23. The Vertical or Oppofite Anglesare equal. 
Let there be two Right Lines 44 cand bac (croffing 
or cutting one another in the Point a) 1 fay, the An- 
gle 44 e is equal to 2ac. For the Ark 24, with the 
Ark 26, makes a Semi-circle ; and 
fo doth the fame Ark 24 with the — 
Ark 4e. Therefore the Ark Jc 
muft be equal to Ze; becaufe the 
Ark 20, continues the fame, whe- 
_ ther it help to compleat the Semi- 
circle with de, orc (wherefore 
a being taken away from both, it 
sauf Jeave the Ark de equal to bc. But if the Arks 
be equal, the Angles fubreuded by then muft be fo 
roo, anda therefore the Angle dae is equal tobac.) 
And by the fame Reafon the Angle 2a 0 will bee- 
qual to eae. ee ee gee fie 
24. The Circumference of every Circle is (JE 
pofeit ro be) divided into360 equalParts,which are 


called Degrees : And every Degree into 60 Mi-,. 


nutes, every Minute into 60 Seconds, every Second 
into 60 Thirds, and fo on infinitely. And to deter- 
mine the Quantity of every Angle, we compute the 
Degrees that (the Ark, which is its Meafure) doth 
contain; v. gr. When we fpeak of an Angle of 
90 Deg. we mean a Right Angle ; becaufe the 
Right Angle contains the fourth Part of the whole 
Circumference, which is 90 Deg. the fourth Part of 
360. 60 an Angle of 60 Deg. is an Angle that con- 
tains two Thirds of a Right one, 3 

| . 25. Degrees 
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25. Degrees are marked either with Degr. or 
ufually with a {mall Cypher over the lat Figure as 
60°, Minutes with a {mall Line,as 50’, Seconds with 


two fuch, as 20”, Thirds with three fuch, as 25", - 


&gc. So that 25° 32° 43", is tobe read, 25 Degrees, 

32 Minutes, 43 Seconds. 7 
26. Two Lines are {aid to be parallel, when they 

run always equi-diftant from | ne 


each other. Thus the two , Bes b 
Lines a and e# are parallel, : . : D 
if they areequally diftantfrom :°° : Cine 
each other in ae, in BD, in © ~—y——-& 


bd, and in all other Places. © on 
27. This Diftance is always meafured by a Per- 
pendicular; as if from the Point ¢ you imagine the 
Line @ ¢ to fall perpendicular on ¢&; as alfo doth 
the Line 24 on the fame Line; we naturally con- 
ceive, that if thofe two Perpendiculars are of the 
fame Length, or equal ; the two Lines ab and e4 
are equally diftant from each other in thofe two 
Places, which is felf-evident, and needs no Proof. 
28. Two parallel Lines, being continued infinite- 
ly, yet can never meet: For being always equally 
diftant, there may any where be drawn between 
them a Perpendicular equal to ze or b 4, and confe- 
quently they can'never meet, 17 : : 
5/29» Two parallel Lines have the fame Inclinati- 
on, one as the other, to ne 2 
any right Line that crof- 
fes them both. 
-Thatis, the Anglea 
will always be equal to 
b, and c to 7; for the 
interfecting Line being 
fuppofed inflexible, as 
isthe Cafe of all Ma- | 
thematick Lines, it cannot bend to, or from one 
| Parallel 
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Parallel more than it doth to or from the other : 
And neither of thefe Lines can alter its Pofition in 
tefpe& of the Croffing Lines, for then the Paral- 
‘Iclifm would be deftroyed, which contradicts the 


Suppofition. 
© And'thisis the firft Property a Parallel Lines. 


2, 2.9 * 30. Whenever a Right Line aoe two Parallels, it 
makes with them eight Angles: Of which four a b, 
bg are external; and the other four, 
ca, ef, are internal, The Angles 
c and J, as alfo Z ande, are called 
Alternate. The Angles ¢ and 4, as 
À Saad alfo f and Z, are called the inte nal, 
and oppofi te on the Jane Side, And 
the Angles af, as allo c and e; are called the de. 
ternal. pikes ou. the fame Side. 


AXIOM IT. 


7 ring equal to af bird, are equal to one 
D 2 another. 


ar. The Alesthate Angles c aid f sé be it, 
and alfo.e and 4 ; for c is equal tothe Vertical An- 
gle à, and à is equal to the internal one f, by the 
aft Prop. Wherefore c and f, being both equal to 2, 
muft be equal to one another. 

The fame may be proved of ¢ and a, which are 
both equal to a 


32. When 


Book I. of GEOMETRY. 2 


32. When a Line falls on two parallel ones, it 


makes the internal Angles on the fame Side equal 
to two Right ones. pod Ghar T arf 


1 fay, the Angle 4 with f, isequal 
to two Right ones: Becaufe f is e- —-——~ 
qual to ¢ (by 31.) and c ax toge- 6 & 
ther are equal to two Right ones E7 | Pa Ve: 
(by 20.) Therefore f and a toge- CS | 
ther muft be equal to two Right 
ones, which was to be proved. 

(The fame Way may ¢ and e together be proved 
equal to two Right ones ; for c aud d taken together 
are fo (by 20.) but d is equal to e(31.) Therefore ¢ 
aud e are equal to two Right ones.) 

33. One Propofition is called the Conver(é of an- 
other, when, after a Conclufion is drawn from 
fomething fuppofed in the Converfe Propofition, 
that Conclufion is fuppofed; and then that which 
was in the other fuppofed, isnow drawn as a Con- 
clufion from it. For Example: We fay here, if 
two Lines are parallel (aud another crofs them) the 
Angles 4 and f together, are equal to two Right 
ones: Where we fuppofe the Lines to be parallel, 
and from thence conclude thefe Angles muft be.e- 
qual totwo Right ones. But the Converfe is thus: 
If the srernal Angles on the fame Side, 4 and f to- 
gether, are equal to two Right ones; then thofe 
Lines are parallel: Where, after we have fuppofed 
the Angles equal to two Right ones, we conclude 
the Lines are parallel. ; 

34. Converfe Propofitions in this Cafe are very 
true ; as that, ifa Line cut two other Lines, and 
makes the alternate Angles equal ; thofe two Lines 
4 parallel: which I defire the Reader to remem- 

er, 


35. if 
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35. if two Lines are parallel to a third Line, they 
are fo to one another. . 3 
Let the Line ad be parallel to.c #3 and let efal- 
fo be parallel to the fame Line cd; I fay, ab is 
parallel to ef: For if you draw a 
__ Line, as 04f cutting them all three, 
/ the Angle 2 will be equal to 4 (by 
—— 31.) and the fame 4 will be equal to 
f (by 31.) becaufe ef is alfo parallel 
toc4. Wherefore the Angle 4 muft 
be equal tof: Becaufe by Axiom 2. af two Things 
are equal toa Third, they are fo one to another. 
But if the Angle b: —f, then the Line 2 is pa- 
rallel to ef (by 34.) 
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BOOK IL 


Of Triangles. 


1. SNÉSSAC Figure is a Space compaffed round 
g & on all Sides. And if the Lines, 
KE which terminate it, are all Right 
KY ones, ‘tis called a Rettilineal (or 
wens) Right Lined) Figure: If they are 
+ crooked, ’tis called à Curvilineal ; 


La 
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3. Allthe Lines which encompafs any Figure, ta- 
ken together, make that which is called the Circum- 
ference, Perimeter, or the Compafs of the Figure. 

4. Of all Curvilineal or Mix’d Plane Figures, in 
Common Geometry, we confider properly only the 
Circle, or a Part of a Circle, terminated on one Side 
by an Ark, and on the other by one or more Right 
Lines. — | 
~ 5. Of Reëtilineal Figures, the moft fimple are 
Triangles, which are terminated by three Right 
Lines (aud #0 more) making as many Angles. 

Ifa Right Line (AB) having one of its Ends or 
Points (as A) inthe Vertex or Top of the Angle 
E A D, be moved downwards, with a Motion always 

arallel to it feif, fo chat the Point A fhall always 

eep in, or touchthe Line A E, until it come to be 
all of it within the 

Legs of the Angle 

EAD; that is, ’till 

it come to be in the 

Situation EF ; that 

Line fhall in itsMo- 

tion continually cut 

the Line AD, and 
at length défcribe 

the Triangle EA F 

within the Legs of 
| D the Angie; as allo 
| SB + another equal to it 
(AFB) on the other Side of the Line AD. The 
Parts of which latter Triangle fhall continually de- 
creafe, asthofe of the former A E F, do continually 
increafe. And the Line AB fhall alfo defcribe wit 
its whole Length the Quadrilateral Figure AE FB; 
which will be divided into two equal Parts by the 
Diagonal Line A F, 


¥ 


* 


N..B. 
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N. B, The Line A B may be called the Deferi- 
~kentyand AE the Dirigent, becaufe the latter 
directs the Motion of the former. 


6. A Triangle, as 4, which hath bat AE 
one Right Angle, isa Righr-an- 
gled Triangle sifithaveone An- — 
gle Obtufe, ’tis called an Obtu(e- | 
angled one, as à 3 and if all its 18 
three Angles are Acute, *tis call: Oh SENS 
ed an Acute-angled ‘Triangle, 2 ROE 
as ¢ 

y. If a Triangle have all its 
three Sides unequal, ’tis called a 
Scalene,as 4. Uf it hath two Sides 


a ee 
équal,’tiscalled an /O/celes, ase; Pf 
And if all the three Sides are e- * a io by 
qual, “tis called an Zqwilareral - ZEN 


one, asf. ae 
§. When two Sides of a Triangle are confidered, 
they may be called its Legs, and the third Side 
may then be called the Bae. But any one Side 
may be called the Bae, tho we ufually ana moft fro- 
perly call that fo, which lies parallel to the Horizon, 
ana which is next to us. a 
__ 9. In every Triangle, the three Angles, taken to: 
gether, are equal to two Right ones. i 2048 
Let the Triangle be a/c: I fay, that the Angle a 
added to thé Angle c) added tothe Angle 2 (or the 
Sum of allthree) are equal to two Right ones. For 
let Ze be drawn parallel to the Bafe ac, then will 
thofe two parallel Lines be cut by the Line 4c 3 and | 
confequently the alternate Angles c and 4 will 
be equal to each other (by x. 31.) Moreover the 
Line Ÿ 4 falling on, or cutting the fame Parallels 
_ acand #6, will make the two internal Angles on 
eo a € the 


. 1.9, . * vd LC] ° oe. 
“ns 0-0 @ À d te. | 
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the fame Side equal to twe Right ones ; that is, & — 
‘added to abe are equal to two Right Angles(by 1. 
32.) But the Anglea de contains 
the two Angles à and 4. So that 
© the Angle 4 added tod added to 4, 
will be equal to two Right ones: 
But ¢ being equal to 4, it will fol- : 
.… low, that a added to £ added toc. 
or the Sum of all three together, . 

muft be equal to two Right ones: Which was to 
be proved. | 
10. If any Side of a Triangle be produced, or 
mises drawn out, the external Angle 


a - will be equal to the two in- 
ternal oppofite Angles (taken 

pages together.) Let the Triangle be 
a elb : abc, whole Bafecd draw out 
DT 7€ to 4, by which means a new 


Angle, as e, will be made, 
which is called the Exrerzal Angle of that Trian- 
gle. Then I fay, That that external Angle, is e- 
qual] to both the internal and oppofite ones 4 and c. 

For thofe Angles 4 and c, together with J, are e- 
qual to two Right ones (by the-Precedent) and fo 
alfo are e and J, by (r.20.) wherefore e muft be e- 
qual to 4 added toc, becaufe together with b it 
makes two Right Angles, as they do. Q. E.D.. 


~ COROLLARIES. 
f. The Sum of the three Angles of all Triangles | 


isthe fame. °° 


ta. No Triangle can have above one Right, or 
Dbtatetngte, ‘srt gaia 39 4d, Anat Sean 


3. If 2 
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3. If in any Triangle, one Angle be Right, the 
other two muft be Acute. 


4. [fin any Triangle there be one Angle equal 
to both the others, that muft be a Right One. 


5. If you know the Degrees of one Angle in any 
Triangle, you know the Sum of the other two; for 
tis what is wanting of 180°, and if the Sum of any 
two be known, the Quantity of the Remainder is 
known. 3 


6. Hence if two Triangles have any two Angles ». 
refpectively equal to one another, the remaining 
Angles muft alfo be equal. 


+. The Angle of an Equilateral Triangle is + of 
two Right Angles, or + of one Right Angle, equal 
to 60°. | 

8. Hence ’tis very eafy to Trifect a Right Angle, 
by making on one of the Legs an Equilateral Tri- 
angle. 


rr. If a Triangle A B C hath two Sides, AB and 
AC, equal totwo other a and ac in another Tri- 
angle, and if alfo the Angle A be e- 
qual toa; I fay, the third Side BC A, 
fhall be equal to Yc; the Angle B e- 
qual to #,the Angle Ctoc, andthe 2, c 
whole Triangle A BC to abc. a. 

For if we imagine the Triangle A ; 
abctobe placed upon ABC, fothat 4 c 
the Side a0 fhall lie exactly on its ; 
Equal AB: Then muft the Side a¢ fall on its E- 
qual AC, becaufe the Angle a is equal to A, and 


{o the Point c will fallon C, and 2 upon B, and the 
q be C | whole 
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whole Triangle 40 con the Triangle ABC; be- 
caufe all things fo exactly anfwer, that nothing of 
the upper Triangle can fall befides the under one, 

1z, Figures which do thus meet, fit, or anfwer 
to each other exactly, when they are placed one 
upon the other, are called Congruous Figures, Quia 
mutuo fibi Cougruunt. 

And therefore the third Axiom is, Que fii mu- 
tuo Congruunt funt Æquaha ; 1. e. Thofe Figures, 
which placed one upon another, do anfwer to, and 
cover one another exactly, are equal. 

13. Itisalfo true, That if a Triangle hath all 
its three Sides equal to the three Sides of another 
Triangle, all the Angies alfo in one, fhall be equal 

to thofe inthe other: And all the Space 

which one Triangle contains, fhall be 

R Cequal to that contained in the other : 
2 Asif AB be equal to ab, ACto ac, 
| ri and BG to bc: I fay, that the Angle 
b < A fhall be equal to 4, Bto 2, and C to 
| c; and the whole Triangle ABC, to 
a bc ; this needs no other Proof. | 

14. If the Angle A be equal to 4, the Angle B_ 
to 4, and the Side À B to ad: Then fhall the Side 
AC be always equal to ac, BC toc; and the 
whole Triangle ABC to ac: which iseafyto 
prove by the precedent Propofitions. 

15.In every Lfofceles Triangle, the Angles at the 
Bafe, oppofite to the equal Legs, are equal. 

Let the Triangle be adc, whofe Legs 

a ab and ac are equal: 1 fay, the Angle 

D is alfo equal toc. For imagine the 
; à Bafe bc divided into two equal Parts. 
d in the Point 4, then willthe Line a & 
(which let be drawn) make of the whole 

two Triangles, 404 and dac, which will have all 
three Sides in one, equal to thofe in the other: Le 

a 
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ab is equal to ac by the Suppofition, and 2 d is e- 
qual to 4c, and &4 is common to both. Where- 
fore (by 2.13.) the whole Triangle Dad is equal 
to Zac, and the Angle Ÿ is equal toc ; which was 
to be proved. | 

16. In an Mofceles Triangle, if a Line drawn from 
the Angle at the Top do (:/Jef or) divide the Bafe 
into two equal Parts, it is both perpendicular to the 
Bafe, and alfo biffeéts the Angle at the Top. For 
(vid. Fig. precedent) the Angle adc is equal to the 
Angle & 4 b (by the laft) and confequently theymuft 
be both Right ones; and therefore the Line a4 is 
perpendicular to the Bafe 2 « (1. 15.) and the Angle 
aac will be equal to 44 (by the laft Prop.) 

17. In every Triangle the Greater Side is always 
oppofite to, or fubtends the Greater Angle. 

In the Triangle abc, let the Side dc be longer 
than ba ;then I fay, theAngle 24 c fubtended by the 
Greater Side dc, is biggerthanthe Angler, which 
is fubtended by the Leffler Side. For let 4 /be taken 
equal to 4a, then will 424 be an 
Jfofceles Triangle; whofe Angle a 
b ad will be equalto b 44 (2.15.) à 
But the Angle «4 à is bigger * 
than bad (The Whole being b ay 
greater than the Part)and there- 
fore mult be bigger than 244 (awvhich 1s equal 
bad.) Nowthe Angle 4 4b isan External Angle 
in refpect of the little Triangle adc; and therefore 
mult be bigger than the Internal one ¢ (by 2.10.) 

Wherefore the Angle à 46 being bigger than 4, 
_ muft certainly be bigger than « ; which was to be 
proved. : 
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18. Of all Lines that can be drawn from a Point 
given to a Line given, the fhorteft is the Perpendi- 
cular; and they are all longer, according as they 

are farther diftant from it. Let 


| b the given Line be a4, and the 
“ Pcint givenb; let ba be perpen- 
d dicular to da; let alfo dc and 

Cc 4 $a be drawn. I fay, that ba is 
the fhorteft Line that can poffibly be drawn from  ; 
and (for inftance) is fhorter than dc (or any other 
that can be affigned:) And 1 fay alfo, that 22 is 
longer than dc. , ; 

For in the Triangle bac, the Angle a isa Right 
One, and confequently bigger than either of the 
other; becaufe they muft neceffarily be both Acute 
(by Cor. 3. of Art. 10.) Therefore the Side dc is lon- 

ger than #4 (2. 17.) as fubtending a greater Angle. 
~ Soalfo in the Triangle ddc, the Angle 2c} is 
Obtufe, becaufe the Angle bea is Acute: And con- 
fequently the Side 7 4 muft be longer than cb, as 
fubtending a greater Angle (2. 17.) 

19. In every Triangle any two Sides taken toge- 
ther are longer than the third; becaufe a Right 
Line is the neareit Diflance between any two 
Points. 


PR Os 


Sati. IGP Hw A 


PROBLEM TI. 


On a Line given ad, to make an Angle B, 
equal to a given one Z. | 

Place the Compaffes in c, the Vertex of the given 
Angle, and defcribe the Ark : 8" 
Cos at the fame di- ie doh 
ftance, fet one Foot in 
4, one end of the gi- 
ven Line, and with 
the other defcribe the 
Ark obd; fete Rr 
from 4 to 23 and 
draw 46, fo fhall © 
the Angle bad ot 
B be equal to Z. 

For the Legs of 
each are Radii of e- 
qual Circles, and the 
Line 4 4 was taken equal to Rr; wherefore the 
whole Triangles ¢ R 7 and 454 muft be equal (by 
13.) and confequently the Angle 4 equal toc, 


PROBLEM II. 
Hence the Prattice of making all forts of Trian- 


gles, Equilateral, Ifofcelar, or without any 
given Angles or Sides, will eafily appear. 


C 3 PR O- 
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PROBLEM TI. 


A Right Line, as P, being given, to draw 
thro’? a, a Point given, the Line Za, pa- 
yallel to tt. 


Line, as XX, making an 
aA Angle, as b, eit hé 
XX given Line; then make 
the Angle ZaX=tod, 
and Z @ fhall be the 

or Parallel fought. 

. ape For rege An- 
| ane 4 glesz and dare equal by 
P | Otauhibnt Where. 
% fore Z 4 1s parallel to 
; Pd(by 1.31. )'Q. E.D. 


PRO BE L ETAT. 


To Befk&t or Divide. a given Line cb into 
two equal Parts in the Point a. 


Open the Compaffes to more than ? the Length 
of ac, and with that diftance make _ 
at each End of bac, two Pairs of 
interfeéting Arks, as at e and 4; 
Then drawing the Line e 4, it will 
biffect the given Line in 4. 

For the Triangles bed and dee 
are equal (by 2. 13.) Wherefore the 
Angle ab4 =adc. Therefore the 
Triangles 4 b 4 and a 4c will be e- 
 qual alfo (by 2, 11.) and confequently 42 is = to 

a) QE, D | 


PR O- 
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FRGPD'E EME V. 


By much the fame Method may a Perpendicular, as 
a d, be railed in the middle of any given Line, or 
one may be let fall from the Point e or d, to the 
given Line abc, and the Demonftration is the 


fame in all. 


And after the fame way of Prattice may the 
given Angle bd c be bijetied. 


If fetting one Foot of the Compaffes in 4, you 
take 74 equalto Zc: And then fetting the Com- 
paffes in J and ¢, ftrike the Arks interfeéting each 
other ine: So fhall Ze biffe&t the Angle required. 


OF 


GEOMETRY. 


B.O’O Kalil. 


es 


Of Quadrilateral Figures and Poly- 


LOS. 


ws HOSE Figures, whofe Sides are 
== four Right Lines, and thofe ma- 
VAN king four Angles,’ are called Qua- 
EXSY Zrilateral, or four-fided Figures. 
ae “2 2.When the oppofite Sides are pa- 
DEUSEESS rallel, oy Quadrilateral Figure is 
called a Parallelogram, asa; but if not, 
LTÉE] is called a Trapezium, as B. : 
3 When the Parallelogram hath all its four Angles 
fe] Right, ’tis called a Relfangled Paralle- 
— —2 Zgram ; or, for brevity’s fake,a Retfan- 
_…  gle,asc: And, if the Angles are right, 
and the Sides are all equal,’tis called a Square, as de 


ey 


raté 
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_ 4. If a Parallelogram hath all its Sides equal, 
but its Angles unequal, then ’tis called a 
Rhombus, as e. 

5. If a Parallelogram hath neither 

its Angles nor Sides all equal, ’tis called 

a Rowmboides, as 4. 

The Generation of all Parallelogramick Figures 
will be eafiy conceived, | 
if you fuppofethe De A a CG 
fcribent À C, to be car- SR RUE 
‘ried or moved along the 
Dirigent A D, in a Po- 


fition always parallel to | 
itfelf in its firft Situa- | gele 
tion. Forthen, ifthe D Ee kK 


Angle A which the De- 

fcribent makes with the Dirigent, be a right one, 
and À B be equal to A D, the Figure produced 
will be a Square. If A C be longer or fhorter than 
A D, the Figure will be an Oblong or a Reétangle. 
” Ifthe Angle at A be oblique, only a Parallelo- 
gram at large will be defcribed: Which when the 
Defcribent is equal to the Dirigent, the Figure will 
be a Rhombus ; if unequal to it, a Rhcmboides. 


GORA LAR PES! 


I. Hence ’tis natural to fuppofe, that equal Lines 
moving thro’ the fame or equal Spaces, will de- 
fcribe equal Surfaces, 


IT. Equal Lines, with uniform or equable Motions 
(7.@ being neither accelerated.nor retarded) in e- 
qual Times, will defcribe equal Surfaces: And if 
they. do thus defcribe equal Surfaces, it muft be in . 


equal Times, 
oe i Il. Hence 
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Ill. Hence alfo, if the Linea in a given Time 
defcribe the Parallelogram A, and the equal Line ë 
in the fame Time de- 
id 4 {cribe theObliqueParal- 
PT See lelogram B or C, whofe 
eo ae ae ee Perpendicular Altitude 
A pring) . is the fame with that 
a cs ON Rk à \ of A: Thofe Parallelo- 
grams will be all three 
equal one to another. 
Becaufe the Oblique Motion, which the Line 0 
hath, whereby ’tis carried either to the right or 
left Hand, is by no means contrary to the direct 
Motion downward; and confequently, the Line 2 
will move the fame perpendicular Diftance in the 
fame Time, with an equable Motion, whether the 
latter Motion be impreffed upon it or not. Where- 
gore, 


IV. All Parallelogramick Figures, with equal Bafes 
and equal Perpendicular Altitudes, muft be equal. 

6. In every Parallelogram, the oppofite Angles 
are equal. Let the Parallelogram be 
oc: I fay, the Angle o is equaltoc 5 
for the Angleo is equal to the alter- 
nate oned (1.31.) and the external 
one bis equal to the internal one ¢ (1, 31.) where- 
fore 0 is equal to ¢, 

7. A Line, as 45, drawn a-crofs 
the Figure from Angle to Angle, is 
called the Diagonal, and by fome, 
the Diameter. | 

8. Every Parallelogram' is divided into two equal 
Parts by the Diagonal. The Diagonal} Jdivides the — 
Parallelogram o c into the two equal Triangles 0 b 4 
and bcd. For, 1 The Angle o is equal to ¢ ( s “i 

2, The 


}, 


>) 


> Mee 
wa a 
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2. The Angle od d is equal to « 4 (1, 31.) and 
the Side dd is common to both thefe ‘Triangles ; 
wherefore the Triangle 0 4 is equal tocda (by 
2, 14. 

9. to every Parallelogram, the oppofite Sides are 
always equal. ) 

For (drawing tke Diagencld b) the whole Tri- 
angle 400 will be equalto theTriangle 2 ¢d,by the 
foregoing Prop. And confequently, the Side c4 
mutt be equal to 04, and the Side 04 tord. 

10. Two Diagonals, as #6 and 64, dobiffeëét each 
other in the middle at e. | 

For in the two Triangles, ae 4 and bec, the Side 
a à is equal to bc(3.9.) The Angle ea 4 is equal 
to ¢cb(1. 31) and moreover the(Ver- 
tical) Angles aed and ced are equal 
alfo (1.23.) Wherefore the whole Lri- ,/..° 
angleaed 15 refpeciively equal to the © 
Triangle bec (2. 14.) And confe- 
quently, the Side de is equal toed, and the Side 
ae to the Side ec. The two Diagonals therefore 
biffect each other in the middle. Q. E. D. 

11. Every Right Line, as fg, pafling through 
the middle of a Diagonal, divides the Parallelo- 
gram into two equal Parts. 

To demonftrate which, the Trapezium or Irregu- 
lar Quadrilateral Figure fg 4 4 muft be proved e- 


qual to the Trapezium fgcb. And that is thus | 


done. 1. The Triangle def is equal to the Trian- 
gle #eg: Forthe Side de is equal to 
ebby the Suppofition; andthe An- g f 4 
glee féis equal to eg4 (1.31.) and De 
the oppofite Angles at e are equal; d re 
wherefore the Triangle ef is equal & 
_toe4g(2.14) 2. The great Triangle 23 d is e. 
qual to #4 c (3. 8.) wherefore if from the Triangle 
464 you take away the little Triangle fe 4, 
| | and 
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and inftead of it put the Triangle e dg (which is 
equal to fe b) you will have the Zrapezium fadg, 


which will be equal to the Triangle 4 4b : That is, 


to jut one half of the whole Parallelogram (3. 8.) 
which was to be proved. | 
12. If in the Diagonal 7 4 you take a Point ase, 


and thro’ it draw two Lines, #z and f £, parallel to 


the two Sides of the Parallelo- 
mm? gram, it will be divided by them 
wu; —intofour leflerParallelograms, i.e. 
== f1,hg (which two are called the 
© Parallelograms abouttheDiameter) 
| and @ e, e¢ s which other two are 
called the Complements. And thofe two Comple- 
ments with either of the Parallelograms about the 
Diameter, make a Figure that is called a Guomon, 
As you fee in the Figure, where the Gzoroz is di- 
ftinguifhed by being fhaded. 
13. [n every Parallelogram the Complements are — 
equal. We muft prove that ea is equal to ec. 


DEMONSTRATION. 


_ The whole Triangle 4 84 is equal to the whole 
b4¢(3.8.) and the little Triangle ef bis (for the 
fame Reafon) equal to eb7. And 
the Triangle Fed is alfo (by the 
; fame) equal to e Zg. Wherefore 
if from the two equal Triangles, 
abdand bac, we take away equal 
things, vx. if from one we take a- 
way €f à and dhe, and from the other e272 and 
€& 4, there will remain on one Side the Parallelo- 
gram ea, equal to the Parallelogram ec, which re- 
mains on the other; which was to be proved. 
14. Parallelograms having the fame Bafe, and 
being between the fame Parallels, are equal. 
| : | Let 


both on the fame Bafe a à; and let the 
Line c 4, when produced, be fuppofed 
to pafs by ef; fo that the two Parallelo- 
grams fhall be betweenthe fame Pa- au 
rallels, and terminated by them ; that 1 ng 

is, between the two Parallels cj and a2. “ay then, 
that the Parallelogram c D is equal to af. 

For ca is equal to 24, and ae equal to bf, be- 
caufe oppofite Sides of Parallelograms, and the An- 
gles at c and 4 equal (by 29. 1.) wheretore the Tri- 
angle cae isequal tothe Triangle 4D f. Now if 
from each of thefe equal Triangles be taken the 
little Triangle 40e, and to the Remainders be 
added the Triangle 40 b, the Parallelogram 44 
will be equal to the Parallelogram a À Q. E. D. 

15. Parallelograms on equal Bafes, z 6 and g /, 
and between the fame Parallels a and cf, are equal. 

For if we imagine the third Parallelogram fia to 
be drawn, that fhall be equal tothe Parallelogram 
ad, becaufe onthe fame Bafe 42 with 
it, and betweenthe fame; Parallel up .. 2 i 
Lines 4 band c f. And that Paralle- cm Mu Le 
logram will alfo be equal toe#, bee yi | 1 
caufe it haththe fame Bafe ef with 42 & 
it (it matters not whether you reckon 
the Bafe above or below) and it is between the 
fame Parallels. Therefore be and 2c, being both 

equal to the third Parallelogram f 7, mutt be e- 
qual to each other. 

16. Triangles on the fame Bafe ab, and being 
between the fame Parallels, cf and ad, à 
are always equal. Cin Ga Pots 

The Triangle 42cis equal to aed: 174 
Becaufe if you imagine a Lineb4 =. 
drawn parallel to 4 c, and another, as - 
sf; drawn parallel to 4 e ; there will be made two 
Parallelo- 


pr 
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~ Let there be a Parallelogram Jc, and another af; | 
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Parallelograms 4 c 4, and aefO ; which being on 
the fame Bafe, and between the fame Parallels, will 
be equal to one another (3. 14.) 

But the Triangle a bc is the half of the Parallelo- 
gram acdb, and the Triangle a7 e is the half of 
theParallelogram a ef? (3. 3.)3; wherefore (/ince the 
Wholes are equal, the Halves mui) and confequent- 
ly the Triangle ae D is equalto the Triangle a ed. 

17. Triangles on egza/ Bajes, and between the ~ 
fame Parallels, are alfo equal; as is very eafy to 
prove from (3. 15.) 

18. If a Triangle #62 have the fame Bafe with a | 
Parallelogram, and be 
alfo between the fame 
Parallels, it fhall be juft 
the half of that Paralie- 
logram. For it will fill 
be equal to #26, which 
is juft half (3. 8.) of 
a bc à. | 
The Menfuration of 
all Squares, ReCtangles, Parallelograms and Trian- 
gles will be underftood from what hath been deli- 

ver’d above ; li you fuppofe, 
A 4 Bote 1. That the Defcribent A B 
| D 2 or AC, before its Motion, be 

Ebadi : divided into any determinate 
Number of equal Parts; and 
the Dirigent (now fuppofed to 
ftand at Right Angles with it) 
into the fame oranyotherNum- 
ber of fuch Parts ; for then the 
Motion of the Defcribent Line, thus mark’d out by 


Points into Units, will defcribe a Square (if the Di- « 


rigent be equal to it) and a Reétanale, if it be une- 
qual. Which Square or Reétangle will be divided 
into as many little Squares as there are Units in. 


the à 
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the Produét of the Number of the Divifions, or e- 
qual parts in one Line, multiplied by thofe in the 
other; That is, AB 4 multiplied by A D 4, pro- 
duces 16, the Square of 4. And A C6 multiplied 
by À D 4, produces 24, the Reétangle under AC 
and A D. Sothat what is a Produét in Numbers or 
in Arithmetick, in Lines, or in Geometry, is cal- 
led a Reétangle. And therefore you will find the 
Latin Writers of Geometry, when A C is to be mul- 
tiplied by AD, not faying Mulriplica, but Duc 
ACin AD: That is, carry the Line AC along 
the Dirigent A D, in a Normal Pofition to it, ’till 
it come to end, and then it will form the Rettan- 
gle AF == 24; wherefore the Area of a Square is 
found, by multiplying the Side A B into itfelf. 
The Area of any Rectangle, as A F, is found by 
multiplying the Side AC 
by AD B 


+7 fince a Rectangle 
on the fame Bafe and of lp 
the fame Altitudewitha À / | 
Parallelogram is equal to Yai 
it; to find the Area of 
any Parallelogram, as AB, you muft multiply the 
Side A C by a Perpendicular, as P, let fall from the 
other Side to it. 
_ And fince every right-lined Triangle is the half 
of a Parallelogram or 
Rectangle of the fame 
Bafe and Altitude: To 
find the Area of the Tri- 
angle A BC, you muft 
multiply any Side, as BC, 
_ bya Perpenpicular, as P, 


fet tall to it from an op- 


_ pofite Angle, and take half the Produét: or if eï- 
ther P or B happen to be even Numbers, multiply 
one 
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one by of the other, the Produ& is the Area of 
the ‘Triangle. | 
_ 19. À Pentagon is a Figure having five Sides and 
five Angles. 

If all the Sides are equal, and confequently the 
Angles, ’tiscalled a Regular Pentagon. 

20. An Hexagon isa Figure of fix Sides and An- 
gles,an H:pragon of feven, an Oftagon of eight, ge. 
which are all called Regzlar when they have equal 
Sides and Angles. . 

21. A Polygon in general fignifies any Figure of 
many Sides and Angles; but no Figure is called by 
this Name, unlefs it have more than four or five 
Sides. | | 

22. Every Polygon may be divided 

4  intoas may Triangles asit hath Sides, 

\/\, if any where within the Polygon you 
é NO take a Point, as @, and from thence 

pore draw Lines to every Angle ab, ae, 
ad, &c. they fhall make as many Tri- 
angles asthe Figure hath Sides. 

23, The Angles of any Polygov taken all toge- 
ther, will make twice as many Right ones, except 
four,as the Figure hath Sides, v. gr. If the Polygon 
have fix Sides, the double of that is 12; from 
whence take four, there remains eight. I fay, thae 
all theAngles of thatPolgou,viz. 0,c, 4,¢,f, g, taken, 
together, are equal to eight Right Angles. For the- 
Lines a b, ac, a4, &9c. do divide the Figure into fix 
Triangles; the three Angles of each of which are 
equal totwo Right ones (2. 9.) fo that all their 
Angles together make r2 Right ones, But now, 
each of thefe fix Yriangles hath one Angle in the 
Point 4, and by it they compleat the Space all round 
the faid Point. And all the Angles about that Point, 
are equal to four Right ones (t.22.) Wherefore 
thofe four being taken fromi2 (The Sum of the — 

Nic cn RISHE 
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Right Angles of all the fix Triahgles) leaves eight, 
the Sum of the Right Angles of the Hexagon, 
which make 8 times 90, or 720 Degrees ; and there-. 
fore each Angle muft be & of that, wiz. 120 De- 
grees. Eur 

So that the Figure hath plainly twice as many 
Right Angles as it hath Sides, except four; which 
was to be proved. | 


CO ROUE Ged Be XY, 


All the external Angles of any Right-linea Figure, 
are equal to jut four 
Right Ones: For draw- 
ing out the Sides, as in É 
the Figure, ’tis plain ~~ 
the internal and exter- 


nal Angles together will Vs mad” 
make twice as many - ee 


Right Ones as the Fi- 
gure hath Sides; but 
the internal Angles are 
equal to all thofe, ex- 
cept four(by thisProp.) 
Wherefore the external Angles muft make up thefe 
four, and no more. 
24. A Polygon may be divided alfointo Triangles, 
by drawing Lines from Angle to An- 
gle. Butthen the Number of the fae. 
Sides will exceed that of the Zriau- \ Î 
gles. And hence the Area of any Nias / 
Right-lined Figure may be found, by ¢ 
reducing it into Triangles, and then finding the 4- 
ve of each Triangle feverally, adding all into one 
um, , 
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PROBLEM I. 


On a given Line ab, to make a Parallelogram, 
baving an Angle equal to a given Angle A. 


Make the Anglecab— A. Then take 42 in 
your Compaffes, and fetting one Foot in c, ftrike 
anÂrk, as #: Nexttakethe Diftance 4c, and plac- 


ing one Foot in 2, crofs the Ark ind; draw ca 
and 4 0, and it is done. | 

= And thus alfo may the Line c4 be drawn parallel 
to 2b, thro’ a Point affigned, and any Parallelogram 
readily be defcribed. _ | 
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4 Triangle ab d being given, to make a Paral- 
lelogram equal to it, which [ball bave a given 
Angle equal to A. 


Biffect the Bafe of the Triangle inc: Make the 
Angle cde— A, thro’the Vertex 4 draw ae paral- 


\lel to the Bafe D7. ‘Make ge=c 4, and drawac. 
So will ce be the Parallelogram required. 

For being on but half the Bafe, and of the fame 
eight with the Triangle, it will be equal to it, by 
the 18/4 of this Book, and its Angle ce is equal 
pA.” QUES, 


PROB, Il. 
On a Line given, as LL, to make a Parallelogram 
equal to a given Triangle cbe, and having an 


Angle equal to an Angle given, as À. 


. Makethe Parallelogram 40 equal to the Trian- 
gle, and having its Anglee == À, by Problem the 
3 | | D 2 ee ai 


an 
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laft. Then produce po, ‘till 07 become equal to 
TL, and draw out Ze, ’till ex be alfo equal to I. 
Then draw the Diagonal #0, producing it till it 


meet with Z f, alfo produced to f. Then draw 
Fk=d0, anduk—4f, and that will compleat 
the Parallelogram f 73 in which the Complement 
g# will be equal to fe (3. 13.) which is equal to 
the Triangle che. Q.E. F. 

And thus ’tis eafy to make a Parallelogram equal 
to any Right-lined Figure given, by reducing that 
Figure into Triangles, &c. - | 
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GEOMETRY. 
BOOK IV. 


Of a Circle. 


aE Line is faid to Touch (or to be aTan- 

WNASS cent to)a Circle, when, 
KES though produced both 

=\ Ye Ways from the Point 

ee Sy} of Contaét, it will on- 
TRES |y touch it, and not d 

tt orenter within it. ‘Thus the Line 

‘touches the Circle C, as that Circle 

' doth the Circle D ; but 7 enters 

lithin the Circle, and cuts it, and is called a Se- 

int. 

2. Ifa Right Line enter within a Circle, and cut 
‘into two Parts, thofe Parts are called Segments: b 
ia lefs Segment, and Da greater: That Part of 
D 3 the 
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rhe Line cutting the Circle (aaa which is within it} 

is called a Chord, as e f. Andthe Parts of the Circle 

(or rather Circitinference) cut off, are called Arks: 

The Chord with the Ark makestwo mix’d Angles, 

as € and f, andthey are called Angles of a Segment. 
5. 1f you take a Point, asc, in the Ark of any Seg- 
ment, and from thence drawtwo Lines 

_ caandch (to the Ends of the Chord) they 
b fhall niakean Angle 46b ; which is call’d 

an Anglein a Segment : And that Angle 
ach is faid toiu/fift or fiand on aba, the 
Ark of the other Segment below. 
AE 4. À Sector of a Circle is a mix’d 
_ Triangle comprehended between two 
! Radii, 42, ac, and the Ark of the 
fs / Circle bc; is mark’d in the Figure 
DE by being fhaded. 

5. Ifatthe End of any Radius, or Se- 
midiameter, 22, you draw a Perpendicular, as 2), 
it {halltouch the Circle bat in one Point. And all the 

_. Points of the Line 44 fhall be without 
ab dthe Circle 5. g. I fay, the Point 4 (or 


VA any other aflignable) is without: For if 
a, you draw the Line a4 from the Center, 
and that {hall cut the Circle in the Point 


c, that Line a 4 will be longer than 2d; 

(2. 17.) and confequently longer than ac, which is | 
equal toa (1. 14.) Wherefore the Point @ is with- 
out the Circle. “Q. E. D. | 
6. À Chord, asb c,is divided into two equal Parts. _ 
(or biffeéted) by a Perpendicular #4, 
drawn from the Center 4, For the Tri- 
angle alc is an Sfofceles, becaufe bu is | 
equalto ca (r. 14.) and therefore the | 
Perpendicular 4 4 biffects the Bafe bc — 
(2.16.) ‘The Ark dc is alfo by this … 
means biffected, 7. Two “x 
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7. Two Tangents, cb and ¢4, drawn from the 
fame Point without a Circle, are equal one to ano- 
her. For, draw from the Center to the Points of 
Conta, Ya and a4; then will thofe 
Lines be Perpendiculars to the Tangents 
rby 4 5.) ‘Phen if you draw alfo the 
Line 2 4, the Angle 24 will be équal to 
mab (2.15.) Wherefore if from the 
Right, and (confequently) equal Angles 
ba and c 44, youtakeaway the equal onezb 4 
and 4 4 b, the remaining Angles cb 4 and c4b will 
5e equal: Wherefore their oppofite Sides muft alfo 
pe equal Dy the Converfé cf (2. 15.) That is, cd is 
equaltocd. Q.E.D. | 
8. Equal Chords, as 2c and f 4, do cut off equal 

segments Ÿ Zcand fg. Andthe Perpendiculars ze 
ind 47, drawn tothem from the Center, arealfoe- 
jual, as iseafily proved ; (faith Pardie, but be gives 
15 20 Demonfiration.) Yt tis plainly thus proved : 
Phe Chorasand Arksare both biffetied by the Perper 
ficulars (a. 6.) Ana therefore the Sectors | 
‘ad, dab, fagandgah, muft be all d 
qual ; as alfowill all the Triangles x,2, PA 
anak, by (2. 11.) Therefore their 
subles will aifo be equal, i. e. The Sec- 
rbacwill beequaltofah: 4nd the EI 
riangie ba ctothe Trianglefah, And | 
“thefe lat Trianglesareraken from the equal Se£tors 
cafandbac,the Segmenisbedaudh g fmuift remain 
sual.T hat the Perpendiculars are equal, is plain front 
ve Equalities of the Triangles zand o, or X andK. 
9. Let there be a Semidiameter Rc; and a Per- 
endicülar (tot without the Circle) RT, 
sother Line cutting the Circle in 5, 
id. a Perpendicular (et fall from thence) 

the Radius R C in (4 Point within | ET 
é Circle.) Allthefe Lines have Attifi- ~~ 
Le aa | 


sae 
[em 
ie 
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cial Names. ‘Fhe Line TR is called the Tangent of - 
the Ark RS (which {uppofe 30°) TC is called the Se- 
cant of the fame Ark of 30°, andthe Line S$ wiscalled 
the (Right) Sine of the fame Ark. RC is by fome 
called the whole Sine, but moft ufually the Radius. 
And # R is called the Verfed Sine of the fame Ark. 
3 3 | 10. {fin the Circumference of a 


Circle, you take two Points, as 4 and 

b, and trom thence draw two Lines to . 
the Center ¢, and two others to any 
a ue Foint, as 4, in the Circumference; they 
ë will make two Angles, of whichacd 
| is called an Angle at the Center, and 

a à ban Angle at the Circumference. 

11. The Angle at the Center ac 0 is always dou- 
| ble to one at the Circumference a 40 


(infifiing with it on the fame Ark ab.) 


Of which there are three Cafes. 


J. Ifone of the Lines, as 22, pafs 
thro’ the Center c, then ’tis plain the 
external Angle a¢2 (2. 10.) will be equal to both 
the internal and oppofite ones aand 4taken together. 

Butthetwo Angles 7 and a are equal, becaufe 
ac 4isan Ifofceles Triangle, whofe Side a cisequal 
tocd (2. 15.) Therefore the Angle cat the Center 
being equal to both, is double of either alone : That 
is, double to Q. E. D. 


Il. If neither of the Lines 4 2, d& (which form 
the Angle at the Circumference) pafs 
thro’ the Centerc: (Out fallbcthbonthe 
fame Side of the Diameter) Letthe Dia- , 
meter 4cé be drawn. Then willthe . 
whole Angle ace (at the Center) be. 
double to the Angle a 4 e (at the Cir. - 
“Ke cumference) — 


VA 
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cumference) by what was proved in the frft Cafe. 

Alfo the Angle dc eisdouble to ? 4e, by the fame. 

Wherefore if from the Angle ace, we take away 

that J ce,and from the Angle 44 e, which is the half 
of ace, we take away de, which alfo is the halt 
of èce, the remaining Anglea4d muft be juit the 
halfof acd, For ’tis as plainasan Axiom, thatif 
one Quantity be double to another, and youtake 

away from the Bigger, juft the Double of what you 

take from the other, the Remainder of the Bigger 

mutt be double to the Remainder of the Leffler. 


Ill. If the Diameter fall between the Lines form- 
ing the Angle at the Circumference: 
Then will, as before, the Angle ac é 
be double to 2 De (by Cafe x. of this) 
and the Angle ecd will be double to 
e b 4 by the fame; therefore the whole 
Angle acd mutt be doubie toad À 
(So that in all Cafés the Angle at the | 
Center is double to one at the Circumference, if they 
both ftand on the fame Ark, or (which is alt one) are 
in tbe fame Segment. 

12. All Angles (in the fame Segment or) infilting 
on the fame Ark a b, are equal, let 

them terminate in any Part of the 

Circumference Ba a of 

For the Anglea dbwillbe equalto | DK 
ae b, becaufe each isthe half of the s\ 7P 
Angle at the Center # 6 D (4, 11.) 

13. An Angle atthe Center 0 ce, 
ftanding on half of the Ark ae 4, is e- 
qual to the Angle 4 #0 at the Circum- 
ference, ftanding on the whole Ark; 
for ¢ is equal to twice x; (by 4. 11.) 
and x isequal to o, that is to half abd, 
(4.6. and 4.8.) Wherefore c isequal toadb. Q.E.D. 
ie fe Wwiteo ( by. nf put Co 4 STA The 
NE à i Le. (pa C= € ie, Te. 
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14. The Angle 4 7 b ftanding on the Semi-cir- 
cumference aeb (or being in the Semi-circlea db 

isa Right One. Let ce be drawn bif- 

feting the Semi-circumference 4 e 05 


d 
PAESQ then is (by the Precedent) the Angle 
a b ace at the Center, ftanding on half 
(LE y a Semi-circle (or 02 @ Quadrant) e- 
é qual to a4b at the Circumference, 
which flands ontwice that Ark, or 


ofa Semi-circle. But ace is a Right Angle ; 
wherefore a4 b (its equal) muft be fo too. 


CORI ARMs 


Hence is derived the Common Praétice of Ereét- 
ing a Perpedicular, as 4 d, at the End of a given 
Line. For opening 
the Compaffes to any 
convenient Diftance, 
. fet one Point in c, 
: and with the other 
draw the ArkZba, 
cutting thegivenLiné 
ings then a Ruler 
} laid from 4 to c fhall 
: find the Point a, which is perpendicularly over 2: 

For the Angle 2) a, being in a Semi circle, is a 

Right One. » | 


G.O.R:O ki. 
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Hence alfo arifes this expeditious Practice of 
drawing from a Point given, as 4, a Tangent, as 2d, 
to a given Circle. For joining the Points @ and 4, 


the Center of the Circle, biffe&t their Diftance a 4 
in the Pointc: Onc, as a Center, defcribe the Se- 
mi-circle 424 : Sofhall 42 be a true Tangent, be- 
caufe the Angle 224 being ina Semi-circle, is a 
Right One. | 

15. The Angle 424 in a Segment lefs (than a 
Serni-circle) is Obtufe: Becaufe the — 
Ark ae@ being more than half the 
Circumference, its half, the Ark ae, 
mutt be more than 90° ; therefore 
the Angle 4 à 4, which is equal to 
ace (4. 13-) mutt alfo be more than 
90°, that is obtufe. {€ 


44 ELEMENTS 

16. The Angle 2d d made ina Segment greater 
| than a Semicircle, is cute. 

For’tis equal to the Angle ace (4. 
13.) whofe Meafure ae being the 
half of ae 4, an Ark lefs than a Se- 
d micircle, muft be lefs than 90°. 
And therefore 224 islefs than 90°. 
— (ie) Acute. 

17. [fa Right Line, asg J, touch a Circle, as in 
the Point a; and another Line, as ae, cut it there ; 
The Angle dae fhall be equal to, or any Angle 
made in the oppofite Segment a he. And the Angle 

e ag fhall be equal to f, or any An- : 
| gle made in the other Segment 
rs ef a. 

For, drawing the Diameter 44, 
which will be perpendicular to 4 J, 
(4. 9.) (and allo the Lined e:) The 
Angle ae4 will be a Right One ; 
(4. 14.) and confequently, becaufe the three An- 
gles of every Triangle are equal totwo Right 
Ones, (2. 9.) The Anglee a, together with 4, muft 
make juft another Right Angle. 

But that Angle ae, together with ead, doth | 
make alfo a Right One, becaufe the Radius c a is 


~ perpendicular to the Tangent 22: Wherefore rake - 


awayead frem both, and thene a 0 will remain e- 
qualtoæ; and confequently to}, of to any other 
Angle i that Segment a he, or that ftands on the 
fame Arke f 4: For all thofe Angles are equal (by 
4.12.) The Angle e4b therefore is equal to 1; 
which isthe firft Part of the Propofition. 
We mutt rext prove the Angle g ze to be equal 
tof 3 whichis the other Parr. 
In the Triangle afe, all the three Anglese, f and 
4, are equal to two Right Ones (2. 9.) And the An- - 
gle ¢ is equal tof 4 J, by the firft Part of this Pro 
| pofitio- 
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pofition ; for fa may be confider’d as cutting the 
Circle in the Point 2, where a touches it, andcon- : 
fequently fad willbe equal to any Angle that can 
be made in the oppofite Segment ah def; and 
therefore toe. Now the two Anglese af, and fab . 
(that is e)together with /, are equal to two Right 
Ones, (2. 9.) and foare af, and f 40 taken toge-, 
ther with gae (r.20.) Wherefore the Angle is 
equaltogae. Which was to be proved. 

gg 18. Every Quadrilateral Figure,as@ e fa, inf{crib- 
ed ina Circle, hath its two oppofite Angles taken 
together (as Zadded to f ) equal to 
two Right Ones. 

For if thro’ the Point 4, there be 
drawn a Tangent, asg 0, and a Dia- 
gonal, as 643 the Angle at f will ÿ | 
be equal to gae (4. 17.) and the CMS | 
Angle ea b will be equal to 4(4. 17.) 

And confequently the two Angles, g 4 e and ead, 
being equal to two Right Ones (1. 22.) the Angles 
4 and f taken together, muft be fo too. 

After the fame Manner might the other two op- 
pofite Angles, 7 af, andde f, be proved equal to 
two Right Ones, by drawing another Tangent 
thro’ the Point f. | ¥ 

29 39. The Converfe of this Propofition is alfo ma- 

nifefts viz. That if any Quadrilateral Figure have 

its oppofite Angles equal to two Right Ones, it 

may then be infcribed in a Circle; that is, a Cir- 

cle may be made that fhall touch or pafs thro’ all 
its four angular Points, | 


20. À : 
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a 4 20. A Reétilineal Figure is faid 


to be circumfcribed about a Circle, 
when all its Sides touch the Circle 
without cutting it. Thus the Tri- 
angle d ae is circumfcribed about 
the Circle Dg f ; becaufe every Side 
€ of the Triangle touches the Circle 
in Ÿ, £ and f. | | 

21. À Figure is faid to be Jnferzved ina Circle, 
when all its Angles are in the Circumference of that 
Circle, asthe Trianglea Dc, inthe following Figure. 


» 9 22 Every Triangle, abc, may beinfcribed in a 


fave À 


Circle; foriftwo Lines, ase 4 they 
ei, are drawn perpendicularly bif- 
feéting the Sides Ÿ aand cb, they 
will crofs or meet each other inthe 
Pointe, on which, ason a Center, 
a Circle may be drawn which fhall 
pafs through & And I fay ailfo, 
that that Circle fhall pafs through 4 and c. 


For, J. The two Trianglesezd and eia are e- 
qual; becaufez à isequal toz a by the Suppofiti- 
on, the Side é 7iscommon to both, and the Angles 
at? are Right. - Wherefore the Side e D is alfo e- 
qual to ea (2. 11.) 


H. And for the fame Reafon the Triangles ehc 
andehbmay be provedequal, and confequently, the 
Side e c alfo will be equal toed andtoea, Butif 
thofe three Lines are all equal, the Point e, where 


they meet, muft bethe Center of a Circle of which 


they are Radi: And thereforethe Triangle is cir- 


cumf{cribed bya Circle. Q.E. D. 


Aiud thus may a Circle be made to pafs through any 
three Points, if they be not allin a Righz Line. 
23 Every 


pd 
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23 Every Triangle may have a Circle infcribeg 
i2 it, or be circumfcribed about one. Vid. Fig, 152 
Art. 20. 

For drawing the Lines ae ande4, biffecting the 
Angles 4 and 7, and fromthe Pointe, where they 


crofs, letting fallthe Perpendiculars (to the Sides 


of the Triangle)eb, ef andeg; I fay, that if you 
draw a Circle onthe Center e through 4, that Cir- 
cle fhall touch all the Sides of the Triangle in the 
Points Ÿ, f and g. 


For, I. The two Triangles ae f and ae Dare e- 
qual, as having the Side 4e common, the Angles at 
jand @ Right, and thofe at aequal (by the Suppo- 
fition :) Wherefore e D is equal to ef. (2. 14.) 


II, By the fame Method e g may be proved equal 
alfo toe f, (thatis to e 2) fo that thefe three Lines 
being allequal, aCircle will pafsthrough their three 
Extremities, of which Circle they will be Radii; and 
being alfo all perpendicular to the Sides of theTri- 
angle, the faid Sides are Tangents to that Circle (4. 
5.)and therefore do circumfcribe it (by 4. 18.) 


24. Every Polygon circumfcribed about a Circle 
is equal to a Reétangled Triangle, one of whofe 


Legs fhall be the Radius of the Circle, and the 


other the Perimeter (or the Sum of all the Sides) 
of the Polygon. 
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Let the Line F A be equalto the Radius f 4, and; 
toit, at Right Angles, draw the infinite Line 
ABCD, &c. out of which take A # equal to ab, 
4B equaltohb, Bi equal to 27, and zC equal to 
20, &c. So thatthe whole Line ABCDEA may be 
equal to the whole Compafs, or Perimeter of the 
Polygon abc dea, Alfodraw FF parallelto AA, 
fo that all the Perpendiculars, Fv, Fi, Fk, &c. 
may be equal to the Radius f/, or fi, &c. ’Tis : 
then plain, that the Triangle AFB will be equal to 
the Triangle 4 f bin the Polygon, andthe Triangle 
BFC, tobfes andalfo CFD to cf 4, &c. So that 
all thefe Trianglestaken together, will be equal to © 
all thefe in the Polygon, or to the whole Polygon. 

But the Triangle FAA is equal to all the five 
Triangles withinthe Parallels; becaufe drawing the 
Lines BF, CF, DF, &c. the Triangle FAB will 
be equal to FAB, FBC to FBC, &c. (3. 16.) 
Wherefore the Triangle FAA is equal to the Poly - ° 
gon, which was to be proved. | 

25 Every regular Polygon is equal to a Rectan- 
gled Triangle, oneof whofe Legsis the Perimeter 
of the Polygon, and theothera Perpendiculardrawn 
from the Center toone of the Sides of the Polygon. 
The Proof of which isthe fame as that in the pre- 
cedent Propofition: For all the Perpendiculars f #, 
fi, fk; &c. are equal, &c. See the laf? Figure. 


VW hereforethe Area ofevery regular Polygon is found 
by multiplying the Perpendicular let fall from 
the Center of thetinfcribea Circle by any ane Side ; 
and then multiplying the half of the Proautt by 
the Number of the Sides. | 


26 Every — 
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26. Every Polygon circumfcribed about a Circle, 
is bigger than it; and every Polygon infcribed, is 
_lefs thanthe Circles as is manifeft, becaufe the 
thing containing, is always greater than the thing 
contained. . 

27. The Perimeter, or (asfome call it, tho’ im- 
properly) the Circumference of every Polygon cir- 
cumfcribed about a Circle, is greater than the Cir- 
cumference of that Circle ; and the Perimeter of 
every Polygon infcribed, is lefs. 

28. If in any little Segment of a Circle, you in- 
{cribe an Ifofceles Triangle, asadc; fo that ah be 
equal to dc; I fay, that Triangle fhall 
be greater than half that Segment. ¢_¢— 
For if you drawa Tangent ed 4, which | 
fhall be parallel to ca; and which bk 
fhall be, as ¢ ais, perpendicular to the , 
Radius df; (4. 5.) (4.6.) And then © 
compleat the Rectangle 4 4 ec; that 
Rectangle will be greater than the whole Segment 
acb: Butthe Triangle adc, isthe half of that 
Parallelogram (3. 18.) And therefore muft be 
greater than halfthe Segment 4 4 c. 

29. Letthere be a Tangentazb, a Secant f cb, 
a Chord 4c, and another T'angentcZ; I fay, that 
the Triangle 42 c is more than halfthe mixt Trian- 

le acb, comprehended betweenthe Lines a à, be, 
andthe Ark of the Circlea c. For in 
the Triangle 7c, the Angles, being 
a Right one (4. 5.) the Side 4 b, is 
longer than 4c (2. 17.) Thatis, than 
da ; which is equal tode(4.7.) £ 
-wherefore the Triangle bd ¢ (having f 
a longer Bafe, but the fame Height 
with a dc) muft be greater than it; 
as may be collected from (347.) And 
therefore it muft be PACS than the 
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half of the whole Triangle ac. But the Triangle 
ac b, is greater than the mixt Triangle, made by 
the Ark ac, andthe Right Lines, a4 and ac; and 
therefore the Triangle 44¢, (which is more than 
halfof acb) muft be greater than the half of the 
mixt Triangle a dc. Q.E. D. : 

30. From thefe two laft Pofitions, it follows, that 
by multiplying the Sides of Polygons, you may make 
them focircum{cribea about, or znfcribed in Circles, 
that the Difference by whichthe circumfcribed ex- 
ceeds, or the infcribed wants of the Circle, fhall be 
as fmallas you will: Becaufe if from any Quantity 
whatever, youtake morethan the half, and from the 
Remainder more than its half, and again from that 
Remainder more than its half ; you may by doing 
this very often, at laft come to leave a Remainderas 
fmall as you pleafe : asis felfevident. Thus (See 
the 28th Figure) after a Triangle is infcribed in a 
Circle that fhall be lefs than it by the three great 
Segments, you may infcribe an Hexagon that fhall 
exceed the Triangle by thofe three Segments, but 
fhall be lefs than the Circle, by the fix little Seg-. 
ments that are left white in the Figure. | 

But thofe fix white Segments taken together, do 
not contain fo much Space as the half of the three 
former fhaded ones, (4. 28.) After thisy ou mayal- 

fo infcribe a Duodecagon, which willbe leffer than 
_ the Circle by 12 fmaller Segments ; which 12 Seg- 
ments will ftill be lefs than the half of the fix Seg- 
ments of the Hexagon: And thus may you, by in- 
creafing the Number of Sides of the Polygon, leffen 
the Difference by which the circumfcribing Circle 
exceeds it, as much as you pleafe. So likewife on 
the other Hand, you might have firftcircumfcribed. 
a Triangle, then an Hexagon, and then a Duodeca- 
gon, &§c. (and have made, that way, the Difference 
between the civcum|cribing Polygon and rhe Circle, 
as (mall as you would.) 31. Every 
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31. Every Circle is equal to a Reftangled Tri- 
‘angle, one of whofe Legs isthe Radius, and the other 
:a Right Line equal to the Circumference of the Cir- 
‘cle. For fuch a Triangle will be greater than any 
Polygon infcribed, and lefs than any Polygon cir- 
cumicribed, (by 24, 25, 26, and 27 of this fourth 
Book.) And therefore muit be equal to the Circle, 

For fhould it be greater than the Circle, be the 
‘Excefs.as little as it will, a Polygon may be cir- 
cumfcribed, whofe Differencefrom the Circle fhall 
be yet lefs than the Difference between that Circle 
and the Reétangled Triangle, and that Polygon 
will be lefsthan the Triangle, whichisabfurd. And 
iif it be faid that this Reétangled Triangle is jefs 
than the Circle, an infcribed Polygon may be ma de, 
which fhall be greater than that ‘Triangle, which is 
im poflible. : 
* This kind of Demonftration, which we here 
* ufe,and which iscalled Reductioad Abfurdum, five 
‘ ad Inpoffibile,is one of the fineft Inventions of the 
¢ Ancients: And on itis founded allthe Geomerry of 
© Iudivifibles 3 {fo that I cannot but much wonder 
* fome of our Modern Authors fhould reject it as 
* indireét and deficient. But if we muff arrive to 
* fuch a Point of Nicenefs, that wecan’t bear any 
* Demonfiration,unlefsit be Direct and Pofitive 5 
* ?tis eafy enough togive thisbefore us fuch a Turn, 
* as fhall render it Regular and Direét. 

‘ For this. cannot but be admitted as a Principle 5 
* That iftwo determinate Quantitiesa and bare fuch, 
* that every other tmaginable Quantiuy, which ts 
* greater or le{s thana, is alfo greater or lefsthan b à 
* thefe two Quantities a and b mult be equal. And 
* this Principle being granted, which is ina Manner 
* felf-evident, it may diretly be proved that the 
* Triangle (be fore-mention’d) is equal tothe Circle : 
* Becaufe every ima prablc) nfcribed Figure, which 
| D & aS 
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* is lefs than the Circle, is alfo lefs than the Tri- 
angle: And every circumfcribed Figure greater 
* thanthe Circle, is alfo greater than the Triangle. 
This is that which is called the Quadrature of 
(or fquaring) the Circle, which confifts in finding a 
Square, Triangle, or any other Re@tilineal Figure 
exactly equal toa Circle. And this would eafily 
be done, could we find a Right Lineequal to the 
Circumference; asis plain from this laft Propofi- 
tion. But fuch an Equality is not to be found Geo- 
metrically. . . 
To find the Area of a Circle. 

Since the Circle is equal to a Right-angled Tri- 

angle, whofe Bafe isthe Radius, and the Perpendi- 
cular a Line equal to the 

Circumference; half the 
Produét of the Radius 
into the Periphery, will 
give the Area of the 
Circle. 

In Practice, therefore 

fay, either as 7 : to 22 
:: So isthe Diameter in 
Inches equal Parts, &c. 
to the Circumference, or more nearly and without 
Divifion, fay, as1oooisto3141 :: Soisthe Ra- 
dius of any Circle in Inches (fuppofe 9 Inches) to 
28 269, which therefore will be Semi-circumfe- 
rence: And this multiply’d by 9 Radius, gives 
254.421, for the Area required. 


For the Area of a Seftor or Segment of any Circle. 


Since a Circle may be conceiv’d as an Aggregate 
of an infinite Number of Ifofceles Triangles, whofe 
common Vertexis the Center; any Portion of the 
Periphery, as Ÿ «, being confidered as a ftrait te 
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and the Perpendicular ze let fall, the Area of the 
ector muft be half the Produét of the Ark dc into 
the Radius 4e; and if from the SeGtor you takethe 
Area of the Right-lined Triangle 444, there will 
remain the Area of the Segment bec. | 
32. [fa Right Line could be difpofed intothe Form 
of the Circumference of a Circle, it would contain 
more Space than any other Figure, or Regular Po- 
ygon whatfoever: Suppofe the Circumference of 
heCircle, abc 4, to be difpofed into the Form of a 
square, or intoany other Regular Polygon: Sothat 
ill the Sides eg, g 4, hi, and ze to- a 
gether may be equal to the Circum- 
erenceabca; I fay, the Circle is 
greater than that Square. For the 
Circle isequal toa Reétangled Tri- 
ingle, one of whofe Legs isthe Ra- 
iius f 4, and the other the Circum- 
erence. And the Polygon is equal 
Ifo to fuch a Triangle, one of whofe Legs is the 
ame Circumference a b ¢ 4, or the Sum of the Sides 
‘62b; and the other Leg isthe Line fo (4. 25.) But 
s the Line fo is lefsthan the Radiusfa, fothe fe- 
nd Triangle, which is equal to the Polygon, mutt 
€ lefs than the firft, which is equal to the Circle s 
d therefore the Square or Polygon muft be lefs 
aan the Circle, which was to be demonftrated. 
‘ And thisis what we mean, when we ufually 
fay, that of Ifoperimetrical Figures (or which 
have equal Perimeters or Circumferences) the 
 greateft is the Circle, | | 


Before we go to Solids, I thought it proper to 
ive the Learner here, this moft noble Theorem of 
Pythagoras ; becaufe, tho’ it be indeed demonftra- 
din the fixth Book, yet nearly after Euclia’s 
xanner, it may alfo be done here : Thus, des 

| E 3 th 
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In every Right-angled Triangle as abc. The 
Square of the Hypothenufe 4, is equal to the 
Sum of the Squares of the Legs 42 and bc; For, 


I. The Square of ¢ a, is equal to the two Reét- 
angles 4 f and fe. 


_ JL The Reétangle 4 f is double of the Triangle 

a b 4, being of the fame Bafe and Altitude ; and 
the Rectangle f ¢ is, for the fame Reafon, double 
of the Triangle De c. (by 3. 18.) | 

III, But thofe Triangles, being of the fame Bafe 
and Altitude with, will be equal alfo to one half 
of the Squares and dk: Wherefore the Square 
of acisequal tothe Sum of the Squares of the Legs. 


d 


he 
*« 
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I have here added alfotheSubftance of the fecond 
Book of Euchd, about the Power of Lines, &%c. 
And I would advife the young Geometrician, before 
he proceeds any farther, (and if not done already) 
to begin the Study of Algebra; a little of which 
will be of excellent Ufe to him in facilitating the 
Demonftrations in Geometry, and in preparing the 
Mind, and enuring of it to Abftraction, before he 
come to the Doétrineof Proportion. And the four 
firft Rulesof Addition, SubjiraËtion, Multiplication 
and Divifion in Integers and Fractions, will be faf- 
ficient to enable him to underftand the following 
Propofitions: Asalfo the moft ufefal Ones, whica 
he will find added (in this Edition) in all the fol- 
lowing Books of thefe Elements. 


I. If there be two Lines Z and X, one of which, 
ass, is divided into any Number of Parts, as into 
a-t+etito. The Reétangle under the two 
whole Lines 2, is equal tothe Sum of all the 
Reétangles made by x multiplied intothe Parts of =. 


a Pre 2 0 


— 


That is, Z2X—=XaXe+Xi+Xo. Thisis 
fo plain, it needs no Proof. | 


Z| 
X| 


If a Right Line, as Z, be divided into two 
Parts, a +-e; The Retangles made by the whole 
Line, and both irs Parts, are equal to the Square 
of the whole Line. : 


a € 


E 4 | The 
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Thatis, sa+ze= Zz, | 
Forga—aa+tue, 

And ze == ae+-ee. 

That is, | 
sakremaut i1aetee = Q4+6 
Q. E. D: 


IIL. Let the Line Z becutinto 4e; then fhall 
the Reétangie under the whole Line (Z) and the 
Part (4) be equal to the Squareof that Part 2, to- 
gether with the Rectangle made by the two Parts 

aand e. 
_ Thatis, Zamaatae, 


Zi ———|—______— 
For Z==a-Le | | 
And atexa=aa+ae QE. D. 


IV. The Square of any Line, as Z, divided into 
any two Parts a and e, is equal to both the Squares” 
of thofe Parts, together withtwo Rectangles made 
out of thofe Parts. | 

Thatis, 2%—=4atiaetee, 


a e 
vA pai Le Ci CNE | 


‘Multiply a+ ¢ by itfelf, and thething is plain. 


a+e 
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ate 

ate 
aa—+ae 

 +aetee 


Aa+t2ae-+ ee 


RO 


CGOROELARE 


Hence ’tis plainthat the Square of any Line is 
equal to four times the Square of its half. For fup- 
pofe Z tobe biffected, then each parr will be 4, and 
multiplying 4 + a by itfelf, the thing will plainly 
appear. | 

a a 
VA em | 


ata 
a+ 4 


GaLaat+aa+aa=4aa 


© V. If a Line be divided into two Parts equally, 
and in two other Parts unequally, the Rectangle 
under the unequal Parts, together with the Square 
of (the intermediate Part) the Difference between 
the equal and unequal Parts, isequal to the Square 
of half that Line. | 


Let 


58 ELEMENTS 


Let the whole Line be 2 a, then each Part wif! 
be. Let theleffer unequal Part be e, then the in- 
termediate Part will be a — e, and the greater un- 
equal Part will be 2 a—e; which multiplied by 
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e, produces 2 4e—ee; To which adding the 
Square of the Difference, or intermediate part a—e, 
which isaa—2ae-+ee, the Sum will be only | 
aa, the Square of half the Line. 


VI.If a Line be biffeGted,and then another Right 
Line be added to it, the Reétangle or Product of 
the whole augmented Line, multiplied by the Part 
added, together with the Square of the half Line, 
is equal to the Square of the half Line and part 
added, confider’d as one Line. 


a a € 

VAE Se ee | 
Let the firt Line be 2 4, and the Part added e, 
then the whole willbe2a-+-e; which multiply’d 
bye, produces24e + e ¢, and the Square of half the 
os Line 


SR 
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Line 24 being added to it, it will be 2 48 bee + 
aa, whichis equal tothe Square of 44e, by 
Prop. 4. 


VII, Ifa Quantity or Line be divided any how 
into two Parts, the Square of the whole added to 
the Square of one of the Parts, fhall be equal to two 
Reétangles contained under the whole Line, and 
that Part added to the Square of the other Part. 


io eee, e 
Gi = 


Let abe one Part, ande the other. The Square 
of the whole andof the leffer Part e, makes a & + 
2a@e+2¢e. Thenif the whole ae be multi- 
plied twice by e, it will produce 2 ae +-2¢ ¢€; and 
if to this be added the Square of the other Part aa, 
the Sum will be : 

aa + 246 + 26e, equal tothe former. 


VIII. If a Line be cut any how into two Parts, 
theQuadruple R ectangle under the whole Line, and 
one of the Parts added to the Square of the other 
Part, is equal tothe Square of the whole and the 

other Part added to it, as if it were but one Line. 


a € 
A a Ae 


Letthe whole Line be ze, then four times that 
multiply’d by e (or the Quadruple Reétangle under 
that and e) will 4 4 e- 4 6 e ; to which adding the 
Square of the other Part a a, the Sum will be 
Ga+4aae+4ee, 

And if you fquare a + 2e, which expreffes the 
whole Line, with e added to it, the Product willbe 
the former Sum.of aa-+-4a¢---4ee 


IX. If 
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IX. If a Line be bifle@ed, and alfocut into two 
other unequal Parts, the Sum of the Squares of the 
unequal Parts will be double to the Sum of the 
Squares of the half Line, and of the Difference be- 
tween the two unequal Parts. 


, ‘ 
ROÛ CE MON PO ERA RE ENS 
SE e* 
Vote DNS saree ALES 
ossi are ie 


Let the whole Line be 2 4; andthe Difference 
between the equal and unequal Parts 2; then the 
greater unequal Part will be a + 4, and the leffer 
a—b: The Sum of the Squares of the unequal 
Parts will be 2 aa + 2 64, which is double to the 
Square of half the Line added to the Square of the 
Difference. ©. E. D. 


X. If a Line be biflected, and then another Line 
addedtoit; the Square of the whole encreafed 
Line, together with the Square of the Part added, : 
is double the Sum of the Squares of the half Line, 
and of the half Line and Part added, taken as one 
Line. 


a a € 


lien 


Let the whole Line be 2 4, and the Part added es 
then the whole encreafed Linewill be 24e; and 
the half Line and Part added will be 3e. “The 
Sum of the Squares of 2 2 e, and of e,is4 4 4 
+-44e-+-2¢e; which is plainly double to 4, 
anda@4+24@¢-+-e¢, added together. RE 

| This 
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This Problem is alfo of frequent Ufe. 


| 


PROBLEM. 


To divide a Line fo, as that the Reétangle 
under the whole Line a ©, and one Seg- 
ment a by fhail be equal to the Square of 
the other D c. 


a a 
Ib a 
Eure ‘2 
On ac make the Oc 4, whofe Bafe ec biffeétin 
f, and draw af; make fg —4 f, andcompleat the 
D 2g, producing à btok ; Thenisac truly divided 
ind; for the Line ec being biffeéted inf, and the 
Part cg added toit, the (y Prop.6. of the Power of 
Lines) Ret. kg + feq=fgq= faqaacqt+ 
f cq: Wherefore taking fc q from both, the Reét. 
kg—acq, andtaking the Rect. kc from both 


the Re. db = Obg3 thatis Reët cad=— 
bgq.Q. E. F. , 


c ee 


NB 
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N. B. 7 bis is called dividing a Line according to 
Extream and Mean Proportion ; which Propor- 
tion cannot be exprefs 4 in Numbers. 


PRIG P 
In an Obtufe-angled Triangle, the Square 


of the Side fubtending the Obtufe Angle, 
exceeds the Sum of the Squares of the other 


two Sides by the double Rettangle,(2 ba) — 


under the Bafe, and the part added to it. 


Ler fall the Perpendicular ?, and produce J, till 
it meet with it. 


DEMON STRAT TIOR. 


i bb—=—bb+2ba+aa + pp. 
2. Andoo=p p + aa. 
3.Butbb-+-0o=m) b+-aa-+-pp. 


Wherefore 4 D exceeds the laft Step by 264 — 
fie PROP. 
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PROP. I 


In an Acute-angled Triangle, the Square of 
the Side (h) fubtending an Acute Angle, 
is lefs than the Sum of the Squares of the 
other two Sides, by double the Reltangle 
under the whole Bale, (b + a) and the Seg- 
ment of the Bafe (a) which is next to the 
Acute Angle. 


Let fall the Perpendicular f. 


DEMONSTRATION, 


x. bb = bb-+ pp. 
2-00— pp +44. 


3. Q:b6+¢64 =bb+244+-44, 
| gob 
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4.560 + pp t2aa+24b, is the Sum of 
the Squares of the Legs. : | 


Wherefore 2 is lefs than that by 2 4 4 L 2 48, 
which is plainly equal to thedouble Re&tangle un- 
der the whole Bafe, and the Part a. 


EL Be 


GEOMETRY. 


Bo Ook, Vy 


Of Solids. 


We Right Line is faidto be Right up- 
NS ona Plane, when it flands on it 
= at Right Angles, juft like a Pillar 
on the Ground, and is inclined 
>} no More to any one fide of the 
" Plane, than to the other. 
2. Two Planes are parallel to each other, when 
all the Perpendiculars that can be drawn between 
(them, are equal. (Thatis, whez they every where 
‘ake equally aiftant. ) 
__ 3: One Plane is right or perpendicular to another 
[Plain, when, like a well-made Wall, it inclines and 
Jeans on one fide no more than ir does on the other. 
EF 4. (À 
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‘a. A folid Angleis made by thesmecting of three 


or more Planes, and thofe join- 
ing in a Point; like the Point 
of a Diamond well cut. 

5. if we imagine a Line, as 
ab, fixt above in the Point 2, 
to be moved along the Sides 
of any Polygon 26; that 
4 Line by its Motion fhall de- 
"| fcribe a Figure that is call’d a 
|  Pyrama. 

(2b 6 The Polygon is call’d the 
Bafé of the Pyramid. 
+. If a Line faflened, as before, move round a 
Circle, as# 0c, it will defcribe a Cone ; and the 
Circle is its Bafe. And a Line drawn from the 
Center € to #, iscall’d its Axis. 
cere à 3 8. If a Line &# 2 move uni- 
formly about two Polygons 

- gfaanddch, which are every 
way equal, having their Sides 
and Angles mutually parallel 
and correfponding exactly te 

one another, as aftodc, f£g 
to dc, Sc. then that Linefhall 
by its Motion deferibea Figure 
which is call’d a Prife, and 
the Polygon is its Bafe, 


Book V. of GEOMETRY. 67 


9. If all the Sidesof a Prifm be a Parallelogram, 
then that Prifmis call’da Paralle- 
lopiped. 

10. Ifa Line a D move uni- 
formly round two equal and pa- 
rallel Circles, it fhall defcribe or 
generate a Cylinder. | 

11. The Line joining theCenters ee, in thetwo 
Bates, is call’d the Axis. 

‘ There is no need of conceiving two Bafes, e- 
qual, parallel and oppofire, for the Genefis of 
Prifms and Cylinders. For they will be defcrib’d 
as well by imagining a Line moving round the Cir- 
cumference of any plane Figure with a Motion 
always parallel to itfelf in its firft Pofition. As 
if 2 à be fuppofed tobe carried round any of the 
Bafes 4c), keeping always the fame Angle with 
the Plane which irfirft had, it will defcribe a-J77- 
angular, Quinguangular, or Circular Prifm, ac- 
cording to the Figure of the Bafe. And the upper 
end of the Line willdefcribe a Bafe(asyou may call 
it) at the Top, equal and parallel to chat below. 


ata” Avan a "A em AO en AM 
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The Solid Content of all [fofcelesPrifms and Cylin- 
ders (as alfo of all Parallelopipeds)is had by mul- 
tiplying their Height into the Area of their Bafe. 

And if they are fcalenous Prifms or Cylinders, by 
multiplying the Bafe by the perpendicular Altitude. 

But after all, this Genefis of Prifms and Pyramids 
_ of Mr. Pardie, refpeëts only their Surfaces. And 
therefore, the moft proper way to conceive the Ge. 
_nefis of all kinds of Prifms, is to imagine a Trian- 

gle, Quadrilateral Figure, or Polygon, or the Plane 
of a Circle to be moved in a Pofition always paral- 
| F2 lel 
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fel to itfelf; as fuppofe from / to e, orfrom g to 4 
(in the preceding Figures) according to the Directi- 
_ onof the Line # cor g 4. Or according to Eucla, 
a Cylinder will be generated by the Revolution of 
the Parallelogram g e 4e (See Fig. in Art 8.) round 
about the Axis ae. ‘ 


CO RO LAR Be 


And from hence (as was obferved before of Lines) 


*tis plain that equal Surfaces moved uniformly over 


equal Places or Intervals, will defcribe or generate 
equal Solids. 

And as for the Genefis of Pyramids, fuppofe the 
Trianglea dc, to move downwards from the Top of 
a Plane Angle, determined 
by the two Planes a4 A B, 
a A C: Let this Motion be 
always parallel to itfelf, 
and let the Angular Point 


in the Linea A. 
*Tis plain, as this Tri- 
_angle moves farther down- 
wards, it will fill get more 
and more within the Solid 
Angle, and at laft will come 
to be all of it within it, and 


to lie in the Pofition A B C, which wili be the Bafe 


_ of a Friangular Pyramid, whofe Vertex is at 2. 
The fame Triangle a bc, will alfo, by its Mo- 
tion, defcribe another Pyramid, whofe Bafe fhali 


bethe Parallelogram 2c BC, and its Vertex @, ! 


as before. 


- 


EC 


of the moving Triangle a, © 


be fuppofed always tokeep’ 
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13.1f a Semi-circle a 4 b be turned quite round 
onits Diameter # J, it will defcribe a ’ 
Sphere or Globe, whofe Axis will beg b 
and its Centerc, the fame with the Semi- 
circle. Every Line paffing through the 
Center c,and terminated at each end by 
the Surface of the Sphere, is called a Di- 
ameter, and may becalled an Axis. 

14. All Lines drawn from the Center ¢ to the 
Surface, are call’d Radii, and are all equal to'one 
another, L 


To find the Surfaces of Solids. | 
I. For all Prifins, Parallelopipeds and Cylinders. 


Find thePerimeter of the Bafe (which in Praétice 
is done by girting it witha String)and multiply that © 
by the perpendicular Height, the Product is the Sur- 
face without the Bafe, (7. e. without the top and bot- 
tom Planes) and the Bafes may be found by the 
Rules given in Plain Menfuration : Vhe Reaion of 
which is, becaufe a Reétangle of that Formand Di- 
menfions will juft cover the outfide of the Body. 


Il. For Pyramids ana Cones. 


The Surface of a Pyramid, is only an Aggregate 
of Triangles, which therefore muft be found feve- 
rally, and then added up into one Sum. 


"Phe Surface of fcalenous Cones cannot be found. 
@xactly ; but for Right Ones multiply the Circum- a8 
revence of the Bafe by half of the Side of the Cone, 2! à 
the Produét is the Area of the Convex Surface. Be- 
caufe the Curve Surface of a Cone is equal to a Tri- 
| | ies angle 


St ew 
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angle, whofe Bafe is the Periphery of the Bate, 
and its Height the Side of the Cones fuch a Fi- 
gure being capable of exactly covering it. 


Ul. for the Surface of the Sphere. 


Multiply the Diameter by the Periphery of any 
great Circle, or by fuch a Circle as hath the Diame- 
ter of the Sphere for its Diameter, the Produét is 
the Surface. As appears from what will bé prov’d 
below, after 2/7. 34. 


LV. The Surface of the five Regular Bodies, is eafily 
bad, by the Principles of Plain Menfuration. 


. +3, Two, Right Lines if they meet fo as to cut 

or crofs each other, are in the fame Plane : Where- 

fore all the Angles and Sides of every Triangle are 
in the fame Plane. Fata ve 

:6. If two Planes ¢2 4 and agf cut or interfect 

| one another, they fhall do fo in a 


ite Right Line, as 245 which is call’d 
k Dest their common Seftion. — a 
1S à 17. lfa Right Line @c be perpen- 


dicular te.two Lines 4fand 4g, which 
are in the fame Plane, that Line 1sal- 
Me 44 ge fo perpendicular to that Plane. 

18. Ifa Right Line Zc be perpendiculär to three 
Richt Lines 4f, 2g and Za, they are all three in 
the fame Plane. | Air | 

… 19. Iftwo Linesdc, 27 are perpendicular to the 
fame Plane f'£ a, they will be parallel to one another. 

20. Iftw6 Linesa@¢, 07 are parallel, and you draw 
another Line, from. any Point in one tothe other, 
as à 4, thofe three will be all in the fame Plane. 


21, ie | 


Book V. of GEOMETRY. | 7x 


ot. If two Lines 4c, Di are paralleltoa third — 
ak, though thatthird Line be not inthe fame Plane 
with them, yet they fhall be parallel to eachother, 

22. If aright Line # be perpendicuiarto (or 
make any other equal Angles with). 
two Planesf eandc4, thofe Planes 
are parallel. : 

23. If two parallel Planes, 44 
and afe, are cut bya third 224. 
the common Seétions f ¢ and # 8 
are parallel. | 

24. If a Solid Angle be made - 
bythree Plane Angles, any two of 
thofe are always greater than the 
third. LES 
Allthefe Propofitions are fo mani- 
felt 10 one that will buteonfider thei 
with a little Attention, that ‘ris 
needlefs to flay to demonfirate them 
{ And indeed the Solemnand Regular 
Demonftration of a thing plain in 
itfelf, always makes it more obfèure. 

25. The Plain Angles, concurring to make a §0- 
Jid one, taken all together, are always lefs than 
four Right ones. For if they fhould make four 
Right Angles, they would form a Plane and not 
an Angle. Wherefore, thatthey may make a Solid 
Angle, they muft be lefs than tour Right ones. 

‘Tis a very good way inorder to gain aclear Idea of 
Solidsand their Angles, to make the Regular Bodies 
out of thick Paper or Pafte-board, aud after the De- 
feription of every Boay, yout will fee the Figure, which 
‘being folded up together, will expres the Solid. 
26. In all Parallelopipeds, the oppofite Planes 
are equal ; as is eafy to conceive (from 5. 9.) 


F 4 27. Al 
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- 29. All Parallelopipeds having equal Bafes(and 
Heigh;s): or being between the fame Parallels, are 
equal, for they are equal Aggregates of equal Pa- 
rallelograms. (3. 14 | 

28, Every Parallelopiped is divided into two 
equal Triangular Prifms, by a Diagonal Plane, 
which is perpendicular toits Bafe: For every Pa- 
rallelogram of which the Figure is compofed, is : 
equally biffected. G 189 378 

29. Triangular Prifms, having equal Bafes (and 
Heights) or being between the fame Parallels, are 
equal, for they are equal Aggregates of equal Tri- 
angles. | be 1 i} 

30. Pyramids having equal Bafes and Heights, 
are alfo equal: For they areall fuppofed to grow 
taper alike. 

31. All Prifms in general, all Cylinders’ and 
Cones, with equal Bafes and Heights, are equal. 

32. Pyramids and Cones on equal Bafes, and of 
equal Heights with Prifms and Cylinders, are one 
third of fuch Prifms and Cylinders. : 

Ina Triangular Prifm and Pyramid of the fame 
Bafe‘and Altitude, it isthus prov’d. 

| a - The Quadrangular 
De ee Pyramidacefb isdi- 
vided into two equal 
Triangular Ones, by 
the Triangular Plane 
f ëc,andthe Pyramid 
f cab, is the very 
fame with Ÿ acf ; and 
this is equal to the 
Pyramid 2fea: As 
having an equal Bafe — 
| Ss @ andthefame Altitude _ 
ue with it, and therefore — 
the wholePrifm is divided into three re 
ae And — 
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And fince al MultangularPrifms can be divided in- 
to Triangular ones, and that Cylinder is only a 
Multangular Prifm of infinite Sides, the Propofition 
is univerfally true ; That Pyramids and Cones, &c. 


N. B. A Piece of Cork ‘or Wood, in the Form of 
a Triangular Prifm, may be cut into three 
equal Pyramids. 


ChO@owWOeL LAR Y I 


“Hence. the way of finding the Solidity of a 


Pyramid or Cone is difcover’d, viz. To mal- 
tiply the Bafe by 3 of the Perpendicular 
Altitude. : 


33. Every Sphere is equal to a Cone whofe per- 


‘pendicular Axis is the Radius of the Sphere, and its 


Bafe a Plane, equal to all the Convex Surface of it. 
For you may conceive the Sphere to confift of an 


nfinite Number of Cones, whofe Bafes taken all 


together compofe the Surface, and whofe Vertexes 
meet all together in the Center‘of the Sphere: Juft 


‘asa Circlemay be imagined to be compofed of an 
infinite Number of [fofceles Triangles, the Aggre- 


gate of whofe Bafes makes the Circumference, and 
their common Vertex is atthe Center. 


COROL. 
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Hence the Solidity of the Sphere will be cain’d 
by multiplying its. Surface by > of its Æa- 
dius. | 


Let the Square a4, the Quadrant c D4, and the 
Right-angled Triangle a 2 4, be fuppofed ail three to 
| revolve round the Line 
b dasan Axis: Then 
will the Square gene-. 
rate a Cylinder, the 
Quadrant an Hemi- 
fphere,andthe Triangle 
a Cone, all of the fame 
Bafe and Altitude. 


I. Then the Square 
of e h( whichis equalto 
the Squareof 4, which 
sao is equal tothe Square 
of fh, together with that of 2 si (orits equal g/) — 
will be equalto the Square of g 2(= 44) together 
with the Squares of f 2. And fince Circles are as 
the Squates of their Diameters (which muft be now 
taken for granted, but will be proved in the fixth 
Book) the Circle made by the Revolution of €#, 
muft be equal to the two Circles made by the Mo- 
tion of jh and bg. Wherefore, 


If. If you takethe Circlemade by the Revolution _ 
{f h from both, there will remain the Circle made — f 
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Ill. Therefore the Aggregate of all the Rings — 
made by the Revolution of the e f’s, muft be equal 
to that of all the Cireles made by the Motion of the 
gb's:(i.e.)the Difh-like Solid, formed by the Revol- 
ving Rings, will bé equal te the Cone formed by the 
Revolution of the g hs, which are the Elements of 
the Trianglé a2 4. That is, the Difh-like Solid will 
beasthe Cone is! of the circum{cribing Cylinder, and 
confequeéntly the Hemif{phere mutt be j of it: Where- 
fore the Sphere is 3 of the circumfcribing Cylinder, 


IV. Let then the Radius of the Sphere be 7 = 
¢ a=) 4,thenthe Diameter will be2 7; let the Sur- 
face of the Sphere generated by thé revolving Semi- 
circle be called S.; and that of the Cylinder, formed 
by the Revolution of 24c— 27 == Diameter, bé 
called f. Wherefore in what was juft now preved 
(by Art. 33. of this Book) the Expreflion for the 
Solidity of the Spherein this Notation will be 
7 Sand putting ¢ equal to the Circumference of the 
Bale, ot for the Periphery of a great Circle of the 
Sphere, the Curve Surface of the Cylinder (bymul- 
tiplying the Altirudeinto the Periphery of the BafeJ 
willbe 2 real will be the Area of a great 
Circle (by Prop. 26 of Book 4.) and this multi- 
ALES, which is the Solidity 

of the Cylinder (by Cor. Art. ir.) Now -fince 

f was putequal toz ¢¢ = to the Curve Surface 
of the Cylinder (by fubflituting f for 27 c} 
will be alfo = to the Solidity of the Cylinder. 
Now fince the Sphere is = 7 of the Cylinder, a 


4 


plied by 2}, makes 
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r BSasno df bo & 
2 tas is 3 ps Wherefore 7 S 
—rf;thatis, dividing byr, S= f, or the Sur- 
=" face of the Sphere, is equal to the Curve Surface 
of the Cylinder : But the Curve Surface of the Cy- 
linder was 2 TC. | 
+, Wherefore tofind the Area of the Surface of either 
yt Sphere or Cylinder, you muft multiply the Diameter 
| (== 297) by the Circumference of a great Circle of 
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the Sphere, or by the Periphery of the Bafe. From 


44 X 2 
79749 


e 
so 


this Notation alfo Lee the Area of a great Circle of 
~ | 2 

S +? the Sphere, is plainly + of 2 rc the Surface of the 
¢ Sphere. That is, the Surface of the Sphere is Qua- 
| druple of the Area of a great Circle of it, | 


ee 
394 cont 


Dh 


| V. Wherefore, to 27 c, the Convex Surface of the 

“Y Cylinder, add rc equal tothe Area of bothits Bafes 
ae LU 

Sh (each of which is—) you will have3 rc ; which: 

” a 2 

.! thews you that the Surface of the Cylinder (inclu- 

ding its Bafes) being 37 c, is to the Surface of the 

vey Sphere, which is, 2 7¢, as three is to two: Orthat 

| » © the Sphere is + of the circumfcribing Cylinder, in 

ae Area, as well as Solidity. | 


# 
LR 
er RES 
LT 


of 


> 


À 
T7, 


sh 


#44 


t 
& 


Nh 34. OF all Solid Figures that can be encompafs’d 
”* or determinated by the fame Surface, the greateft 

Ry. ë is a Spherical One, by .4rt. 13. of this Book, and. 

| Art. the laft of Book the 4th. at 

| 35. That is call’d a Regular Body,whofe Surface: 
© is. compofed of Regularand Equal Figures. And 

Ÿ whofe Solid Angles are all equal, as are 
+ Ta ! 
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36. The Zetrahedron, which isa Pyramid, com- 
prehended under four equaland sut 
‘equilateral Triangles; fo that 
its Bafe is equal to each Side. 
Wherefore its Solidity will be f à 
‘found by multiplying the Bafeby  / \ he | 
+ofthe Aliitude; which 1s the YA | 
general way for all Pyramids. THE a 

37. The Hexabedron or Fr 


Cube, whofe Surface is 
‘compos’ d of fix equal 


Squares, like Dice which | | | | 

are usd in play. x | | 
ts Solidity will be found phe 

by Cor. of Art. 12. | 


38, The Offahedron, which is bounded by eight 


equal andequilateral Tri- 
angles. | K 

This Figureis two Pyra- r I aba ee a : 
mids put together at their JT) Fay 
Bafes: Wherefore its Soli- \/ AWA LCA 
dityis haa by multiplying ~~! / 
the Quadrangular Bafe of M 
either (kere they are both | 
join’ 4 rogetker in the middle 
of the Figure) byone third of the perpendicular AE 
ritude of one of the joined Pyrantids, andthen dou- 
bling the Produit. 


59. The Dodecabedron, which is contained un- 
der twelve equal and equilateral Pentagons. 
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This Figureconfifis of twelve Pyramids, with Pen- 
tagonal Bafes, whofe common Vertes isthe Cenrer of 
a cireumfcribing Sphere: Wherefore any one of thefe 
twelve Pentagonal Bales multiply’a by + of the Di- 
flance between the Center of that Bafe, and the Center 
of the Sphere ; and then that Proquit multiplies by 
swelve, gives the Solid Content of thisRegular Body. 

40. The {cofibedron, confifting of twenty equal and 
equilateral Triangles. 
T ls Figuyre.is ccmpe- 
fed of 20 Triangular 
Pyramids, all equal 
to one another, ang 
, avhofe Vertes is the 
| Center of a circurcri- 
bing Sphere : Wherefore any one of the 20 Triangular 
Faces; multiplied by+ of the Diftance berweenrhe Gen- 
ter of the Face andthe Center of rhe Sphere, and that 
Produll multiplied again by2o, givesits Sota Content. 
4t. Befides thefe five Regular Bodies, tis not 
poflible to find any others that fhall correfpond te 
the Definition ; which is thus demonftrated. 

T'obegin with equilareral Triangles, which are 
the moft fimple of all Reétilineal Figures. Of thefe 
there muft bethreeattheleaft to make aSolid Angle, 
and three of them join’d together will juft make the 
Tetrahedron. For thofe three Triangles meeting in 
a Point do forma Triangular Bafefimilar and equal 
to the Sides ; as appears by the bare Com pofition 
of the Figure. Four Triangles join'd together in a 
Point make the Angleof the Oétabedron. 

By joining five fuch Triangles together, the An- 
gle of the Icofihearon is form’d. 

But fix fuch Triangles join’d in a Pointcan’t make 
a Solid Angle: Becaufethey makefour Right Ones 
(for every Angle of an equilateral Triangle1s 4 of two 


oF 
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or 2 of one Right Angle, either of which Fraftions 
multiplied by fix, gives four right Angles.) Whereas 
every Solid Angie is made up of fuch plane Angles 
as all together mutt be lefs than four Right ones 
(5. 25.) So that with Triangles tis impoffible to 
form any more Regular Bodies than thefe three. 

Next, if you take Squares and join three of them 
together, they will make the Angle of the Cube: 
And there can no other Regular Body bit a Cube 
be made with Squares, forfour Squares join’d to- 
gether, will not makea Solid Angle, but a Plane. 
(5. 25.) 

If you join the Angles of three Pentagons toge- 
ther, you will conftitute the Angle of the Dodeca- 
hedron: But four fuch Angles cannot make a So- 
lid One. 

And laftiy, Three Hexagons joined together do 
make juft four Right Angles, and therefore they 
cannot make a Solid Angle: And as for three Hep- 
tagons, or other Figures of yet more Sides, they 
can much lefsdo its (becaufè ther Angles being 
very-Obtufe, three of them will exceed four Right 
Ones.) So that upon the whole ‘tis plain, that of 
thefe five Reeular Bodies, three are made of Tri- 
angles, one of Squares, and one of Pentagons, #74 
there can be no other. 
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Of Proportion. 


aye HEN wefpcakof Magnitude, and 
WAAR fay, that any Quantity is great, 
ea we always make a Comparifon 
between that Quantity and fome , 
other of the fame Nature, in re- 
SAW fpectto which we fay that it is 
Great. ee 
Thus we fay of an Hi}, that tis Little 5 or of a 
Diamond, that *tis Large ; becaufe we compare 
that Hill with othersthat areHigher, and in refpect 
of them ’tis Little; and we compare that Diamond 
with others that are Little, and in refpectof them, 
we fay ’tis a Large one. | 
», 2. When we confider one Quantity in refpect of 
another, to fee what Magnitude it hath in compari- 
| {on 
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Hon of that other: The Magnitude fo found, iscall’d 
its Ratio or Reafon ; tho’ it would be more intelli- 
gible if it were call’d Comparifon. 

. 3. That Quantity which is compar’d with ano- 
ther is call’d the Antecedent 3 and that other with 
which it iscompar’d, is call’d the Confequent. 

4. When we confider four Quantities, and com- 
pare them (by Pairs) two with two ; as 74 with 
à 2, andc6 witha 3. Ifwe find that a hath as 
much Magnitude (or is as big) in 
com parifon of 2, asc hath in compa- 6 
æifon of 4; (i.e. Whenwe jindthata 4 É 
as contained in, or doth contain b:: as 2 i ds 
often asc is contained in, or doth con- i tt 
tain d): Then we fay, thattheirRa- 9% © 
tio’s are equal ; that is, the Ratio that zhathtoJ, 
is equal to the Ratio of c to 4: For as 4 is twice as 
big as 0; fo c is twice asbig as 4. 

5- But if 34 hath more Magnitude in refpeét of 
2, than c 6 hath in refpe& of ¢5. Thatis, if asa 4 
is twice as bigas à 2,c6 be found not to betwiceas 
big as es : Then the Ratio’s are unequal : Andwe 
fay, a hath a greater Ratio to 4, than c hath to e. 


So that tohave a greater Ratio, is nothing butto = 
brave more Magnitude, or to be bigger, in spé Rs 
a fecond Term, thanathird isinrefpeétofa fourth. 


6. The Equality of Ratios iscalled Proportion; 
and when we find that of four Quantities or Num- 
bers, the firft hath as much Magnitude (oris as big) 
inrefpect of the fecond ; as the third isin refpeét 
of the fourth ; then we fay, that thofe four Quan- 
tities are Proporrionals. 

The better to make the Myfteries of Proportion 
comprehended, which paf for the moft difficult things 


im Geometry, 45 uqueftionably they are moft impor- 


aut, Iwill explain them 2 an Example; which 
: : (47 


> MN Le a 
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(in my Opinion) will render all thofe things very 
intelligible, which otherwife appear very perples’a.. 

y. Let us imagine the Circle b À 4 tobe defcrib’d 

by the Motion ofthe Lineo, round the Center 0 : 
. And at the fame time, let the Cir- 
cle cae be defcribed by the Moti- 
onofa Pointe, inthe Line od: 
Let us fuppofe alfo that the Line 
9 bbémoved once round again, and 
at laft to ftand in the Pofition 0 4. 
1 Letthe Ark 4B ? becalled B, and 

A the Arke D c,be called D. Let À 
be put for the whole outer Circle, and 4 for the 
whole inner one. 3 | 

Now if we compare the whole Circle A with its 
Ark B, and the whole other Circle # with its Ark 
D, we fhall find plainly, that the Circle A is juft 
as big in refpeët of the Ark B, as the inner one 21s 
in refpect of the Ark D; and therefore if B be a 
fourth, or any other Part of the Circle A, D alfo 
will be a fourth, or the fame proportional Part 
of its Circle 4 Which we ufually exprefs by faying, 
as A istoB, foisato D. And writeit thus, A: B- 
=: 4a:D, or 24:62: 8:2. 

8. If you fhould change the Order of the Terms, 
and compare B with A, and D' with@; you will 
find plainly that B: A ::D:4. So that fuppo- 
fing A :B::4:D; we cannot but prefently conclude 
By inverfe Proportion, that B: As: D:4. 

"9, If you change them fo as to compare Antece- 
dent with Antecedent, and Confequent with Con- 
fequent, you will find Alternately, that À :4::B° 
D. And thisis very plain; for if the whole Circle 
Abedouble, triple of, or in any other Proportion, 
to the Circle 4, ie Ark B muft be alfo double, tri- 
ple of, or in the fame Proportion to the Ark D 3 for’ 
Aliquot Parts will be as their Wholes. This I fayis 

plains 
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plain, becaufe thetwo Circles À and a are defctib’d 
by the Motion of the Line ocd; fothat while d 
défcribes the Circle A, c defcribes the inner Circle 
a; and while Z defcribes the Ark B; ¢ alfo de- 
fcribes the Ark D: And this by one common cir- 
culat Motion; only thé Pointc moving much flower 
than thé Point 2,. defcribes a Circle much lefs, in 
proportion to the flownefsof its Motion: Thusalfo' 
when the Point Z fhall have deftribed the Ark B, 
the Point ¢ im like manner will have deferib’d the 
Ark D, which will be much lefs than Bi; in Pro- 
portion to the flownefs of its Motion ; in Numbers 
iy. 83216 2. 

10. If we compare the Différences between the 
‘Antecedents and Confequents with | 
their Confequents ; as for Inftance, d 
‘A lefsBwith B, and a léfs D with | 
D, we fhali find they alfo are pro- 
portional: And that A lefsB : B: : 
alefsD:D:18:6 ::6:2.. 

For ’tis manifeft that the Ark 
? À 4 (which is A lefs B) isto B 
asthe Ark cae(whichis 4 lefs D)is to D. And 
this is call’d Proportion by Divifion, Tie 

11. If we add the Antecedents and Confequents 
cogethér ; we fhall find that A more B, is to B:: 
a8 4 more D isto D. Which is call’d Comepofition. 
in Numbers 30:62: 10:2. | Fa 

13, Andif we would fay, that A:A lefs B::a:a: 
cefs D. This kind of Proportion’scall’d Converfion. 
ou may alfo infer by way of mixing the Terms, as 
comecallit, Thar A+-B:A—B::4+D:a—D, 
ot thatA + But D::A—B:a&D, ee. That. 
88 30: 18 :: 10 : 6 and 30:10::18: 6, ESC, 

#And it will be very convenient for the Learner to 
enure himfelf to all the Changesand Varieties of 
Proportion, and to have them ready in his Mind 
Becaufe a great many Propofitions in Geometry, a. 

G2» WM they, 
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they have been delivered by the Ancients, and pur- 
fued by the Moderns that have trod intheir Steps, 
are demonftrated by Compofition, Divifion, Alter- 
nation, and intermixing of Proportion, 

13. If never fo many Quantities are thus propor- 
tional : It will be as any one Antecedent to its Con- 
fequent:: So is the Sum of all the Antecedents to 
the Sum of all the Confequents. ¥v. gr. 


If 4:12::2:6,::3:9::5:15: then fhall 
545142 ca le : 
H48 If a: b::c:4, 
4:12::3:9, and alfo, 


Boyt 10 Ge 
12:20: £3.93 276: 


Then it will be by Proportion of Equality. 


Bat 3376 à 
4:30 :; 3% S32. 


- The Reafon of which is plain, if you confider, 
That fince 2: f :: 4:g :f and g muft needs be either 
fimilar aliquot Parts, or Equimultiples of b and 4. 
And therefore fince a and care to 0 and 4, in the 
fame Ratio as D and daretof and g, 4 muft alfobe 
in the fame Ratioto f, the Partor Multiple of b :: 
as ¢is tog, the Part or Multiple of 4. 


Ifa:8::¢:42. 
ta 4::9: 3, and then, 


b:f::b:c. 5-01 om 
4:2::18:% | fof 


Pe, 
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Then will a : f :: be. 
$2.5 352535 £3 739. 


Which is called Proportio ex equo perturbatas 
and this muft be true: Becaufe 12 containing 4 as 
oft as 9 contains 3, and 4 containing 2, asoft as 18 
contains 9 3 12 muft contain 2 as often as 18 con- 
tains 3. Wherefore thisis only the orderly Propor- 
tion of Equality difturbed, and therefore is by fome 
called Zror4inate Proportion. 

15.1f B be taken as often as D, ex. gr. 3 B and 
3 D, we may conclude that B:D :: 3 B: 3 D, oras 
10 Bto 10 D, alfo 12 5 B, to 12 4 D. And foon 
in whatever Proportion the two Magnitudes B and 
D are multiplied, fo they are multiplied equally, or 
that you take one as often as you take theorber. For 
then there will be the fame Proportion between the 
Magnitudes thus equally multiplied, as there was 
between the fimple Magnitudes, before fuch Multi- 
plication. And thefe Magnitudes, thus equally 
multiplied, are call’d Eguimultipies of the fimple 
Magnitudes B and D; and we fay that Eguenul- 
ziples are inthe fame Proportion as fuch fimple 
Magnitudes, out of which they are compounded. 

16. If B be divided inthe fame Manner as Dis; 
and ex. gr. youtakea fourth Part of B, and thelike 
of D, or the tenth, er anyother Part of B, and the 
fame of D. Then will thefe Parts be proportional to 
their Wholes, B:D:: 4B(or;2B) istot, or -£ D. 
All which is felf evident. 

17. To multiplyone Line by another is to make a 
Rectangled Parallelogram, whofetwo is 2 
contiguous Sides fhall be the two | 
Lines given. Thus, if you multiply a——~b 
the Line A by B, ’tis the fame thing A+ >-—— 

as to make the Reëtangle abcd ; i 
whofe Side a bis equal to A, and acto % 
G3 13, Te 
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18. To multiply a Rectangle, or any other Sur- 
face bya Right Line, is tomakea 
 Reétangled Parallelopiped (or 
Prifm) (5. 9-) whofe Baie fhall be 
the Surface given, and its perpen- 
dicular Height the Line given. 
Thus to multiply the Surface 4 b 
| _ dcbytheLineË, isthe fame thing 
as to make a Solid 4 bfghe, whofe Bate is the 
Surface given 4 7, and its Height ae orf, equal 
to E, the Line giyen. | 
19. All Magnitudes may be exprefs'd by Lines : 
As if one Magnitude be double or triple of anothers 
orinany other Raf70, two Linesmay eafily be taken, 
of which one fhall be double or triple of the other, 
or in any other like Proportion with thofe Magni- 
tudes: So for Inftance, to exprefs two times, as one 
Hour and two Hours; or two Velocities, of which 
one fhall be double to the others younced only take 
two Lines, as #double of 0; and then youmay fay 
that areprefents two Hours or Velocities, and 0 an- 
fwers to one of each; and then you may proceed to 
compute with thofe two Lines, as with the Hours 
and Velocities themielves, Te 
29. To know the Proportion of Reétangles, the 
Ratio of the Length of one, to the Length of the 
other, and moreover, the Ratio of the Breadth of 
one, to the Breadth of the other muft be known. 
"For Example ; To know what Proportion the 
| R cétangle # c hathtoeg: “lis not 
ab enough only to know that the Length 
ET - @bis triple of es but it muft be | 
— known allo, that¢ 7 is double of ef. 
. cu g EHorit az be taken equal to € f, the | 
© ReGangle bi will betriple of eg, be- 


caufe.a bistriple of 62, and 47 equa toef. And 


moreover, becaufe 2 4 is alfo equalto #7, ore f (fof 
i , Bs a i 6 Q @ 4 | 
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a 4 is fuppofed to be double of 41, and of ef) the 
Rectangle i € fhall alfo be tripleofeg; fo that the 
whole Rectangle acistwice triple of the Rectangle 
eg ; thatis, fextuple ofit, orcontaining it fix times. 
And what we fay now only of the double or triple 
Ratio of their Breadths and Lengths, isalfoto be 
underftood of any other Ratio, be it what it will: 
For if 2 à be quadruple of eb, andad triple of e f, 
the Rectangle ac, willbethree times quadruple of 
the Reétangle eg; thatisduodecuple of it, of doth 
contain it twelve times. | 

But if a b be duodecuple of eh, and at the fame 
timee f be tripple of #4, thenthere isa certainCom- 
penfation made: For if Refpect were had to their 
Breadths 2d and e Honly, the Reftangle ac would 
exceed the other, nay indeed con- | 
tain it 12times: Neverthelefsthis 4 
Excefs is loft (42 forme Meafure)in fs 
refpeétoftheirAltitudesor Heights 4 € b 
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adandef, which if only confi- , 
der’d, the Rectangle eg would be 
triple of 2 c. But then when we BD: les 


come to compare thefe feveral Ex- | 
ceffes and Deficiencies together ; we fhall find that 
the Reétangle ac being one way 12 times greater, 
and the other way three times lefsthan eg, willbe 
at laft but only four times as great. eo. 
23, And this is what we mean, when wefay, that 
all ReGtanglesare toeach other inaRatio conepotnaed 
of that of their Sides; forifa bbe — 
triple of e4, and ad double of ef, « weak 
the Reétangle ac, fhall be to the i) ff 
Reétangle e gina Ratio compoun- d Ay 
ded of the triple and the double, ee 
that is, it fhall be f#eice double, or se tt 
twice triple, or in one Word, fex- 
tuple. Soalfo if ad were quadruple of eb, andaa 
es G4 triple 
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triple of e f ; the Rectangle 46 would then be toeg 
in a Ratio compounded of the quadruple and the 
triple; fo that it would have been three times qua- : 
druple, or four times triple, or in one Word, duo- 
decuple of eg. | 

Moreover, if 42 were duodecuple of e 4, and. 
a à fubtripie of e D, (that is, if e f be triple of a 4) © 
the Ratio of the Rettangle ae toeg would becom- … 
pounded of the duodecuple and fubtriple Ratio; fo » 
that ac would have been 1a times fubtriple of, or | 
in one Word, quadruple of eg. f 

If you take the third Part of a Crown 2 times, it \ 
avill make, or be equal to four whole Crowns : Sothat : 


Pe pear {eo 


2 


four Crowns are 12 tries fubrriple of oneCrown ; that 
is, do make 12 Thirds of a Crown, 
22. From whence it will appear, that if the 
Sides of two Rectangles are reciprocally proportio- 
nal, thofetwo Rectangles are equal: For it a be 
double to € #, and reciprocally bg be 
a \b double toc 2: Or if ad be triple of e à, 
"ER and then / g betriple of 2c; or ina 
im ip Word, if whatever Rario a b hathto 
wes | ¢ hb, bg, hath back again the fame Ra- 
pods 


€. 

tie to b ¢C;’tis plain, that asmuch as the 
f firft Rectangle 4 c exceeds the other in 
Length, yuft fo much is it exceeded by the other 
in Breadth; fo that the Length of one compenfates 
for the Breadth of the other, and confequently they 
muft be equal. And from hence is deduced this 
moft ufeful and important Propofition: That, 


oe A ener oe of 
L £a. beh, Le dé. Pron. Or by ASH C À Be 
LE: es ae Me fa (: é à, ve 
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ua [Dah 0, 40, ids /3: 
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Le dE purrpor ect push lok poire 1s nat 
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23. If four Quantities (or Numbers) be propor- 
tional, the Product arifing from the Multiplication 
of the two middle Terms, is al- £ 


| ways equal to that whichis made: 97> b 
by es Multiplication of the two FE: 


EÉxtreams. Asifab:eh:: bg: er ri 
De. Bee ib 
I fay, from the Multiplication fl, 


of the Extreams #2 by dc there 

_ is produced the Rectangle ac: 

_ And by multiplying the middle Terms e band bg, 
there is produced the Rectangle €8 ; and thofe 
two Reétangles ac and eg areequal. (6, 22.) Be- 
| cafe, as much longer as ab is than eh, juft fo much 
longer ish g than bc). On which is tounded the 
Reafonof the Golden Rule. 


GO: ROLLA:RY. 


Hence, if in two Ranksof Di/creet Proportionals, 
the four middle Termsare the fame: Asif 4 20 722 
c:d,andthenalfoe:b ::c:f. (fay, it willbeas 
a:e:: So will reciprocally f, beto 4 : For fince 
the middle Terms are the fame in both, the Reët- 
angle 4 4 will be equal to ef, and confequently 
their Sides muft be reciprocally proportional ; that 
FS a es Inna. 

What is thus done by Lines and Rectangles, may 
be done by any Quantity whatfoever ; becaufe all 
Quantities can be exprefs’d by Lines, andall Mul- 
tiplications of Magnitudes by Multiplications of 
Lines,7.¢. by Re&tangles. (6. gg.) 

24. When Reétangles have de Sides directly 
proportional, fo that a0: eh::4 4:ef, then is the 
Reétangle ac to the Rectangle e g, ina Duplicate 
| Ratio, to thatof their Sides; For the Ratio of 46 
. to 


92 ELEMENTS 


nded of the Ratio of abto eh, and of 
the Ratio of a d'to ef (6. 26.) But 
the Ratioof ab toe his in this Cafe 
(by the Suppofition) the fame as the 
Ratio of a dto ef; fo that to gain 
the Rario which the ReCtangle ac 
hath to eg, we need only take ¢wice 
rhe Ratioof a btoe h. For Exam- 
le, if as here 4D be double to e h, 
anda 4 double toe f, the ReGtangle ac fhall be 
twice double, that is, quadruple ot the Rectangle 
And if a2 had beer of € 4, and confequent- 


to és, iscompou 


Reg. ayes A 
up a 4 triple ot ef: ‘Then the Reétangle 46 would — 


Se 


greateft Side of the Rectangle eg. 


Det. &) [4 ve 
AUF hihi G À: Get fr : is 
* es: 
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have been threc times triple, that isnine times as 
big aseg ; Or if 2 b had been quadruple of e b, ac 
would have been 16 timesas great ase g. 
25. If a third Line be taken as 70 ; and it be fo 
proportional thatab:eh::eb:no. Then 
7}....j0 fhall the two Reétangles 4 c and eg be to 

| one another, as the two Lines 4 Ÿ and #0: 
(vid. Fig, Precea.) 
© For ab istoz o ina duplicate Ratio of a Dtoe h, 
Andif # bhad been (as it is double) triple or qua- 
druple ofe # : Then would 4 à have been in a Ra- 
tio three times triple ; or four times quadruple of 
(that is, 9 or 16 tines asgreat as) the third Pro- 
‘portional n o. 

26. Thofe ReGtangles which have their Sides 
thus proportional: ‘That 4 b:eh::a4:ef, are 
called Similar, whole Homologous Sides are thofe 
‘which anfwer each to other in the Proportion, as 
abandeh, oradandef: Forasa D isthe great- 
eft Sidé of the Reftangle ac, foed is alfo the 
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27. All Squares are fimilar Rectangles, For’tis 

Jain that if a bbe double or triple of e, 4 7% mult 
alfo be double or triple of 27: 
Becaufe amis equal to 4 Ÿ, 


beh 
and bito eh. SEE aren, 
28. All fimilar Reétangles “TT au col 


aretoeach other asthe Squares; 

of their Homologous Sides. L #7 
fay the Re€tangle 4 c is tothe 

Reétangle eg: : asthe Square 07 to the Square e 7. 
For as well Squares as Rectangles are to one another 
in a duplicate Ratio of a btoeh (6. AF) : 
29. To know the Ratio between two olid Rect- 
angles or Parallelopipeds, there ought to be known 
the feveral Ruric’s thattheir Bafesand Heights have 
toeach other; becaufe the Ratio of one Solid to ano- 
ther is compounded of the Ratio’s of their Lengths 
and Breadths, and Thickneffes or Heights 5 as isea- 
fie toconceive, if that be well underftood which hath 
been {aid about the Proportions of Reftangles. For 
if one Parallelopiped hath itsBafe double to theBafe 
of another, and its Height triple of the Height of. 
the other; theformer will be twice triple, or three 
times double, or in one Word, fextuple of the latter. 
30. 1f the Pafésof two Parallelopipeds be Recipro- 
callyas their Heights,thofeParallelopipeds are equal: 
_ Which is proved by the 2@th ofthis Book; for as 
much as one-exceeds the other in Breadth and 
Length, fo much doth the other exceed it in Height. 
31. When Parallelopipeds have all their Sides 
proportional, they are called Similar ; and they are 
in a Triplicate Ratio of their Sides, as it hath been 
proved of Rectangles, that they are ina Duplicate 

Ratio of their Sides. on 
32. Similar Parallelopipeds are to one another as 
the Cubes of their Homologous Sides; for both 
Cubes and Parallelopipedsare in a Zriplicate Ratio 
of their Homologous Sides. 33. All 
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33- All Rectangles, having the fame or equal 
Heights, are to one another as their Bafes, and hav- 
ing the fame Bafes thx Heights are equal. 

Let the Retangles A and B be between the fame 

parallel Lines 4 f'and c 4; fo that 44 be equal tocf- 
_ then do I fay, that A: B::ad:bc: 
e That the Reétangle A is to the Reét- 

£ 

(B[ A | angle B, asthe Bafe a4 tothe Bafe dc: 

cb @ And that if, for Inftance, 2 b be double 

| to à c, thenfhall A be double to B. For 
À is nothing but the Line 44 multiply’d by 44. 
(6. 17.) and Bis nothing but the Line cd multi- 
ply’d by the fame Line 44, or (which is all one) 
deorf c. Wherefore (6.15.) A: B:: a4: bc. 

34. All Paraslelograms which are between the 
fame Parallels (or which have the fame Height) are 

as their Bafes. I fay, the Parallel- 
ogram 2 g:: asthe Bafe a0 isto 
the Bafe dc. For having made the 
two prick’d Rectangles on the fame 
Bafes, thofe will be equal to the 
Parallelograms (by 3.14.) But 
thofe Reëtangles are as their Bafes (by the Prece- 
dent). Wherefore the Parallelograms mutt alfo be 
-astheir Bafes: Thatis, eh: bg::ab:bc. 
35. All Triangles (cw/zch have the fame Heights) 
| or are between the fame Parallels, as are their Ba- 
ET es; for they are Halves of Parallelograms (3. 8.) 
Re} ig 36. When Triangles (as thofe in the following 
Figure) have their Bafés on one and the fame 
Line, and their Vertices or Tops meeting in the 
fame Point ; they are taken to be between the 
fame Parallels, as age and c 4e, and 4 de andl de 
(Lecaufe they bavethe fame perpendicular Height.) 


ele xs 
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PROBLEM, T 


Hence may a Trapezium, as z D ce, whofe two 
Sides a4 band ec are 


parallel, be divided a b 
into any given Rafio. nt 
For take c4—ad rs 
and draw 44, then Pr LE 
will the ‘Triangles oad À | 


AS Seg GARDEN PER MERRER ER AURAS 
equal (by 14.2.) @  £& C a 
and confequently the 

Triangle e4¢—=Trapez.eabc. Whereforeif you 
divide e@the Bafe of the Triangle e44 into any 
Number of Parts, or according to any Ratio, Lines, 
drawn from the Vertex to fuch Divifions of the 
Bafe, will divide the Triangle e44, and conie- 
quently the Trapezium, in the fame Ratio. 

37. [fin any Triangle a Line be drawn parallel 
to the Bafe,that Line fhall cut the Legs propor- 
tionally. Let the Triangle be 
abe,andletthe Line Ze be parallel ah 
to Dc. 

I fay, that a4: ae::ab:ac:: 
4b:ec¢,&c. Drawthe Lines dc 
and ed, then fhall the Triangle 
ecabetoead, asthe Bafe ecis 
tome. (6-86) So alfo the Tri- 

angle de Dis to ea4@:: asthe Bafe 2b is to da. 
But the Triangle ec dis equal to 4¢ b (3. 15.)5 
wherefore the Triangle 5 4e (or ced) isto the 
Triangle 644 ::as bd: is to 4 a@::orasce toca. 
Therefore alfo muft 4: 44 ::ce:e4, becaufe 
» both the Ratio of b 4 : du, and alfo that of ec: 
éæ are the very fame with that of the Triangle 
bedor ced,tothe Triangle ade. 
“Sas a4 | COROL- 
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COROLLARY ns 


/ IF many Lines are drawn 

d sane! to the Bafe of añy Tri- 

: angle, the Segments of the Sides 
Le 4, b, Gs and 4, e,J,;will be pfo- 
NE portional, for drawing 0x pa-. 
‘yallel to abc :b=— 0 and 4 — x, 
bat x:0::f:e: Whereforea: A 

UN nls) chris te nctene 
35. ‘IfinaT riangle, as 4 cb, you 
draw à Lite Ze parallel to the Bafe 
éb, I fay, that e4:¢b 3: ae:ac: 

- oras 44: 40. Fordrawing e f para 2 
lel to 42 ; fh will be equal to € a. 
(3: 9.) But by the Precedent f 2: ¢ 6 

48: aC, conte ea: Me 
‘ gD 
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PROBLEM I. 


Two Lines a and b being given, to find C, 4 
third Proportional io then. 


Make any Reétilineal Angle,andfrom the Vertex 
or Top of it, fet the two given Lines down on the 
Legs, as you fee in the Figure. Set alfo 2 downward 


{| —— me By 


from StoL, joinS T, and draw N L parallel to. 
it; fo fhall TN bec, the Line fought ; Fora: à 
::8:6, by this Propofition. | 


hwcrkido) A é A hy sa #2 @-Û, PR 923 (4 
hn, jay Bb: AS30600: 193 12:93 ( 
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P RO B...IL 


Lf three Lines, as à, b, andc, bad been given, 
to find a fourth Proportional (as d) to 
them, or to work the Rule of Three in Lines, 
you mut proceed thus. 


Set the two firft Lines a and 2 from the Vertex 
down on the fame Leg 3 and then fet c the third 
Line, from the Vertex on the other Leg: Drawthe . 


Line TS, and through the Point L draw LN pa- 
rallel to it; fo fhall T'N be equalto4, the fourth 
Proportional fought ; for a:2::¢:4, by the pre- 
cedent Propofitions. 


PRO-# 


| } 
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PROBLEM. UL 


And this way *tis very eafÿ to find a Line 
that foall exprefs the Produét of any two 
Numbers or Quantities: Or the Quotient 
of one divided by the other. 


For fince in all Multiplication, as 1 isto the 
Multiplicator :: So is the Multiplicand to the Pro- 
duét: And fince in Divifion, as the Divifor isto 
a: : So is the Dividend to the Quotient: You may 
take*your 1 of any Length off a Scale, and finding 
a fourth Proportional to the three firft Tetms, that | 
fhall be a Produit, or a Quotient required: Thus 
if Ÿ were to be multiplied by c, make @ equal to 
Unity, and fet off 2 and c as before fhew’d, fo fhiall 
4 be the Product. Or if 4 were to be divided by 4, 
takea== 1, and fet off all things as before; fo 
fhallc be the Quotiefit; for 2: a::d4: ¢. 


H PRO- 
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PROBLEM IV. 


To divide a given Line ab into any Number 
Reig EAE US : As fuppofe into Six. 


Make at a and b any two equal Angles, and on 
the Legs 4 4 and c Ÿ run 
with a Pair of Compañles 
five equal Divifions(forthey 
mutt be always one Jefs in 
Number than the required 
Divifionor Parts of the Line 
given) drawing ‘alfo Lines 
“acrofs from one Point to the 
other, as you fee in the Fi- 
gure; fo fhall thofe Lines 
. divide the given Line 4 b 
- into the fix Parts required : 
For the croffing Lines being 
parallel one to another, 
mutt fede abin the fame Proportion as 4 4 and | 
b ¢ are divided. 
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PROBLEM Y. 


To divide a given Line ab into two Parts, 
fo that they fhall be to each other as the 
Line C to D3 or in any given Ratio. 


Make any Angle with the given Line a à, and fet 
the Line c from its Vertex ato f. And fet the Line 
D from f to g; draw the 
Line g 5, and thro’ f, a . 
Parallel toit, as f 4: So | 
fhall the Point 4 divide 4 
abin the Ratio required : S U SF 
ForC :D::a4:4 6. À - 

And mers the fame, 
way may you cut off from 
any given Line 4 à any 
Part or Parts required ; 
as fuppofe +. 

Make any ate asg a b ë - 
as before, and fet on the 
Leg 42, ‘a § equal to five Parts taken off from any 
Scale: ‘Then fet two fuch Parts from # to S; ‘join 
& b, and draw f 4 parallel toit; fo fhall & 4 be e- 
qual to $ of ad, PERS 


Mo fs: ee ve SA ’ is 


(oF a: Ore j 4 Ke 
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38, Thofe Triangles are gig 
Like or Similar, which have all the 
three Angles refpeCtively equal to one 
another, or which are Equiangular : 
vor. If the Angle A be equal to 4, 
the Angle B to b, ‘and C to c, then the 
whole Triangle A BC is Like or Si- 
milar to the Triangle a à c. 


F 


39. All fimilar' Triangles have their Sides about 
the equal Angles proportional. I fay, AB:4b :: 
AC: ac:: BC:d6, &c. Fortake in the greater 


Triangle A BC, A b equal t 
will the Triangle À Ÿ c beevery Way 


to ac; then 


# 


oab, and Ac equal 


equal to #5 o(2. 11.) and the Angle À J is equal 

to the Angle abc; whereforcit will be alfo to B, 

which by the Suppofition was equal to abc, and 
therefore c J is parallel to © B Cr. 31.) and ¢onfe- 

Ly, quently (by 6. 42788.) ADI AB: Ac: AG: 
34,99 ls 2 < S Fa v RS 


ch&:CB 
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{fa Quadrilateral Figure, as abcdsbeinfcribed 


int Gisele, the Ryect- 
‘angle under the Diago- 
pals 4 andiac,is:equal 
to both the: Rectangles 
underthe oppofiesides: 
Thatis,acxoa= 
baxcdt aadxbe, 
make the Angledae—= 
cad ; andthen adding 
the Angiee 2 f to both, 
the Anglebaf—=ead: 
Andthe A a eA fimilar. 


to A bate: Then willac cd::ga:be. (by this. 
Prop.) Wherefore acxbe—cdxba. Againal-— 


F J? fe A befor Lor Je À ae) mn PA. | 


+ 
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Gad:der:a c: cb: Wherefore æaxc be de X 
ac. Butacx Dé tacxed—=acxbd Whe 
fore ac xbd= ba xdc-+-daxbe QE. D, 


CO Or Eek 


The Segments of Lines interfeéting each other be- 
tween two Parallels, are 
proportional : . ee : a ____ 
_ Lhatis;c : di: e: J, for “Ae Es 
by fimilar Trianglesic : e a eT 
:: 4: f- wherefore alter- dena 
nately c:4::e:f; Where. 5 
fore cf — de. b 
40. All fimilar Triangles areina Duplicate Ratio 
of, or as the Squares of their Homologous Sides ; 
for fimilar ‘Triangles are the Halves of Gmilar Pa- 
tallelograms ; wherefore they muff be as their 
Wholes. ? 
41. Similar Polygons are thofe which having'an 
equal Numberof Sides, have all | 
the feveral Angles in one, equal 
to thofe in the other, and alfo’ \ 
the Sides about thofe equal: An- fs Belo 
gles proportional. As. if the = ache | 
Angle Avbe equal to a, B to Ds. 
and moreoyer:À B:4b:: BC: 
DC :: CD:c4;; then thofe two 
Polygons are fimilar, 


H 3 4. And 


oa ELEMENTS 


42. And among curvineal or mixt Figures, thofe 
are fineilar in which you may infcribe,or about which 
you may circumicribe fimilar Poly- 
gons; fo that any Polygon being 
infcribed or circumfcribed about 
one Figure, you may infcribe or 
4 circumicribe a fimilar one about 

theother. For inftance, if having 
 infcribed any Polygon, as ABCDE, 

in the greater curuzinea/ Figure you 
can infcribe another. in all refpeëts fimilar to it in 
the leffer Curvilineal Figure #  « de, then thofe 
two curvilineal Figures are fimilar. vk 

In like manner having taken two mixt Figures, as 
the two Segments of Circles B A Cand dacs and 

having infcribed in one any 
A 1 Triangle at Pleafure, as 


: a BAC; ifthen youcanin- 
aZ Svc bZs¢ fcribeinthe Seber Segment 
4 : “ÿ : | another Triangle ac, that 
: . : fhall be fimilar to the for- 
Saez SQL DRE mer; then fhall thofe two 
Segments be fimilar Figures. 
And if the Circles of which they are Segments be 
_compleated, they fhall be fimilar Parts of thofe two 
Circles; fo that if BACbe a third Part of its Circle, 
ba « {hall alfo be a third Part of its Circle: And if 
to the Centers you draw the Lines B D and CD, and 
alfob 4 and cd; the Angles D and 4 fhall be equal. 
(See 4. 11. and the following Propofitions.) "4 


COROLLARY. 


The Peripheries of Circles are as their Diameters: 
ForasAB:ba:: BD:04::2BD:264:: fo it 
will be of every fide of the infcribed or circumfcribed 
Polygon; wherefore the Sum of them all, thatis 
the Peripheries, muft be in the fame Ratio. 

ee a2. A 
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43. All Circles are fimilar Figures, 

44. All fimilar Polygons may be divided into an 
equal Number of fimilar Tri- 
angles. Let the fimilar Polygons 
be ABCDE and abcde; 
and let the firft be divided in- 
to ‘Triangles by the Lines E B 
and E C (3. 4) I fay that if 
the other be alfo divided into 
Triangles by the Lines e 4 and 
ec, all the ‘Triangles in one fhal! be (refpettively) 
fimilar to thofe in the other. 

For inftance, I fay the Triangle 4 2 ¢ is fimilar to 
ABE: for the Angle a is equal to A (bythe Sup: 
pofition and alfo A B :4 b :: AE: ae(by the fame) 
wherefore the Triangle ABE isfimilar to ae. 
(6. %.) Again, the Angle E BC may be proved 
equal toe dc; becaufe the Angle A BCis (by the 
Suppofition) equal to 4 2 c, and it was proved (iz 
the laft Step, where the Triangle A B E was proved 
fimiler toabe) that the Angle abe is equal to 
A BE ; wherefore from equal things taking awa 
equal, the Angle E B C remains equal tothe Angle 
ebc. In like mannerthe Angle e c bis prov'd equal 
to ECB, and confequently (6. 45.) the whole Tri- 
anglee dc wilibe fimilar to EB C; and foof the reft. 

Hence the Practice of making on a Line givena 
Polygon fimilar to one affigned is derived. For di- 
viding the given Polygon into Triangles, make a 
Figure, confifting of a like Number of fimilar Tri- 
angles,.on the given Line. uy 

45. All fimilar Polygons are to one another ina 
Duplicate Ratio of, or as the Squares of their He- 
mologous Sides. I fay, as the Squaresof A B: is to 
he Square of ad :: So is the whole Polygon 
ABCD E: tothe Polygonaécde. For fince all 
he Triangles in one Polygon are fimilar to thofe 

4 H 4 in 
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in the other (6 #54.) . all in one Polygon will be to 
. all thofe in the other in a duplicate Razzo of any of 
à their Homologous Sides ; thatis, as the Square of 


S, 


A B isto the Square of a 2. 
46. Allfimilar Figures, even Curvilineal ones, are. 
d to one another.as the Squares 
of, any. Side of any fimilar, 
Figures, which can be. in- 


mgs A 


“À Pa ? " 


~ si BA Sc LPSC fcribed or circumfcribed a- 
[3° ue t {y à boutthem, v. gr. Let there 
op D. ; “cle be two Circles, in which are 
uy CMR Ne inicribed. te fimilar ‘Tri. 
Le ey angles 20¢c andA BC: IL 
& fai the’ whole Circle A BC, istothe Circle zc: :. 


&. §o isthe Square of BC tothe Square of 2 «, or, 
… which is the fame thing, as the Square of the Ra- 
< dius BD to the Square of the Radius d¢, For in 
~~ or about the Circle a » 6 may be infcribed or cir-. 
” cumfcribed any Polygon you pleafe (or at leaft fuch 
“an one may be imagined ) (4. 30.) Butevery Felygon 
“” infcribed ina Bc willhavea lefs Ratioto the Cir 
"cle ABC than the Square of Dc hath to the 
old | Square of BC: andevery one circumfcribed about. 
4 bc will have a greater Ratio tothe Circle A BC, 
pt as is eafy to prove by the Precedent, and from, 


ay Sieh 


ey 
ë 


‘ what hath been faid of Circles in thefourth Book.. 
‘Wherefore all fimilar Figures, &c. 
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by the Letter.e, then will 2 Re (or etimes the Dia- 


meter) be the Periphery ; and half of this, wz. R 6, 
multiplied by R will be the Area, w=. R Re. And 


by the fame. Method.of reafoning, the Area ofithe + 


other Circle will bev re. But certainly R Re : 
rre::RRirr: 4RR:arr. Wherefore, &c. 


II. Hence ’tis plain, that the Square of the Dia- 
meter of any.Circle is to the Area of it, asthe Dia- 
meter. is to +, Part.of the: Periphery. 


DOP AOR Ree APE Poe a ee) 
As is:plain by multiplying the Extreams and mean 


‘Terms by one another: 


Ill. Hence alfo ’tis plain (again) that the Pert- 
pheries. of Circles are.as their Diameters. 
JT AE ie 23.0). 2% Be are 
1V. And fince the Area of every Circle isrre 


(that is, the Product of the Square of the Radius | 


multiplied into rhe Name ofthe Ratio, between its 


Diameter and Periphery.) A very ready way (for. 
common ufé) to find the Area of a Circle whofe. 
Radius is given, will be to multiply the Square of” 


the Radius into this or fuch like Decimal 3.1. 
‘Thus fuppofe the Radius 9 Inches: Sr X3T = 
251.13 which is very nearly the Area in fquare In- 
ches, tho’ fomething lefs. 

47. Allthis may be apply’d toSolids. And there- 
fore fimilar Solids are fuch, ashave their Anglesall 
equal, and the Sides about thofe Angles propor- 
tional or (if they are of a fpherica} or of any {phe- 

roidical Figure) fuch, as can have fimilar Solids 
inferib’d or circymferib’d in or about them, eg. 


sh HOME. 


wf 
oJ 


497] NI 40 FQ 


| @ Loe. # nt 
| Fiy cles A S 2. Been lends Frefusr ho 
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_ 48. Similar Solids are to one another in a (Tvipii- 
cate Ratio of, or) as the Cubes (of rheir Homologous 
4/ 92 Sides, &c:) See 6. Bay, EF. | 
gs (And therefore all Spheres muft be to one another 
asthe Cubes of their Diameters, &c.) Which may 
be eafily thus proved; the Solidity of the Sphere 
may be expreffed after this manner; by what is 
faid in the Corallaries in 2. 75, 76. © 
The Area of a great Circle of the Sphere, whofe 

Radius is R orr, being R R eorrre(by Cor. 1. 
Art. 53.) 4 times that will be the Surface of each 
Sphere; that is,4 RR e the Surface of the greater, 
and 4rre the Surface of the lefler ; and multi- | 
plying the Surface by + of the Radius, the Soli- 


1 hae oe “Which two 


dities will be = : 

Quantities being multiplied and divided by the | 
fame, willbeinthe fame Ratio, when without fuch 
4RRRe. 


La 


2 


Multiplication and Divition : That is 


rr pe 
Li etd, RoR Yorgi Thats; Spheres are as 


the Cubes of their Radii, and confequently, as the 
Cubes of their Diameters. Q. E. D. tat 


Deak of Theo age Frog 
aay treplcons AAA - ftotrp 4 dre ‘Tole 
hug 219 ce gubtyi Nok of dv a7 

hd 4 Squares of 2 Juputhics at RO. 


&- 
pve corboual fo 4 (bise LÉ orhe ay | 
y fake vo org quihletale Marg 
quatres of Bee blasd ad povobrey/ s004 
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PROB L FM. 


To find the Solidity of the Frufirum of a Pyra- 
mid or Cone, cut by a Plane parallel to the 
Bafe, having given the two Bafes together 
with the Height of the Frufirum. 


Solution. By Prop. 32.of Solids,a Pyramid or Cone 
is equal to À ofa Prifm or Cylinder of the fame 
Bafe and Altitude. Let = R 0 the Altitude of the 
Fruftrum,be called H, 
and #2 athe Heightof 
the Top-piece wanting 
_hsthe Greater Bafe of 
theFruftrumB,andthe 
leffer 0; the Triangles 
apkRandacg are fimi- 
lar (cg and pk being 
parallelex Hyp. where- 
forecg:ga::pk:kRa, 
andalternatelycg: p k:: 
ga:ka.Butga:ka:: 
na:m a (from the Similarity of the Triangles, g 4% 
and k 4 #7) wherefore ex quo cg: Pki:na.ma; 
and by Divifion cg—pRk:ph::na—ma:(—= 
an) ma; which put into Symbols (putting cg the 
fideof the Bafe=S, and pk ==5) will ftandthus S — 


S US 
$:5::H: <— =, Wherefore having foun # 


os 
the Height of the little Pyramid or Cone which is 
wanting, I fay, having found it in known Terms, it 
willbe eafy to find the Solidity of the Fruftrum 3 for 
_m uitipiyine the Bafe B into the whole Height a 
: the 


me 


% 
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the Produ& BH + Bb =a Prifm of the fame 
Bafe and Altitude with the whole Pyramid or Cone; 


Of 2 other, 4 apr 0 stab pple 


A 


y 


and à b — a Prifmor Cylinder of the fame Bafe'and* 


Le 


= : B -Bh 
> by the aforementioned Propofition, . ss Fe, 
RAS zt bl 
3 Solidity of thewhole Pyramid or Cone, ands sue 
: 3 
x Solidity of the lefler? Now from the Solidity of the 
whole taking'the Solidity of the leffer Pyramid or 
4 Cone; there will be left the Solidity of the Fruftrum 
. BBB D — b 
i required, 12. ee 2 À Solidity of the 
3 
à Er uflr um. ko 


è 


The-Theoremin Words is this: Multiply the 
greater Bafe by the whole Height, and: from the 
“Produit fubfirait rhe upper Bafe muttiply’d by the 
Height of the Toppiece wanting, and ; of the Re- 
“Ÿ mainder will give she Fruftrume 


49. If 


Altitude with the lefler Pyramidor Cone. Wherefore, 


1 
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49. Lf in.a Reétangle Triangle adc, «a Line as 
adbe drama from the Vertex or 
Top of the Right Angle, perpendi- 


cular to the Bafe, Hypothenutfe, or a 
longeft Side Dc, it fhall divide the |, ~ di NX, 
Triangle a0 c into two other Re&t- : ae: 
angled ones, 40 #and dac, which 
will be fimilar to each other, and: 
tothewhole’ac, For,1. Allthe. :.....i.: 
three Triangleshaveone Right An. ™ € ™ 
gle. 2. The Friangles avd.c and - 
a b dhavethe Angle 0 gommon sto ‘both : Where- 
fore they are fimilar (6. af 3. The Triangles ac 
and a4c have alfothe Angle c common to both: 
therefore they twoarefimilar; aud laftly, abd ana 
a dc being both fimilar to one. third Triangk abc, 
will be foro each other. | es 
50. The Perpendicular 44 isa mean or middle 
Proportional between’ 4.and #c, That is,cd: 4a 
:: @4:40. For the Trianglesc @ a and 2 4 a being 
fimilar (by the laft) c @ (the leffer Leg of the Tri- 
angle ¢4 ay fhall be to 4 4 (the greater Leg) :: As 
the fame gd (the leffer Leg of the other Triangle 
a4 bjisto b dthe greater Leg. (6...) 62 
st. The Square of ad is equal to the Rectangle 
made between « #and 70, For, fincec4:44a:: 
da:4b (by thelaft)the Reftangsle ef the Extreams. 
cdand #b, is equal to the Rectangle of the mean 
Perms 4 4 and 44 (6. 28.) But the two fides of that 29 
" Reétangle being equal, becawfe ‘és only 44 taken 
twice, that Rectangle mutt be the Square of 4 a ; 
and fo it may be laid down as an univerfal Theo- 
rem, that 9c the Square of the Perpendicular drawiz 
from the Vertes of any Rettangle Triangle to the 
Hypothenule, is equal tothe Reftangle under the 
Segments of that Hypothenufe. 
52. The 


Lio. ELEMENTS 
52. The Square of a mean Proportional is always 
equal to the Reétangle of the Extreams, ; 
PROBLEM Tee a 
Between two given Lines a and b,. to find. a 


mean Proportional, asd. 


Join 2 and Z both in one Line, which make the 
Diameter of a Circle ; and then at the Point x, where 
the given Lines join, erect a Perpendicular as 7; that 


fhall be the mean Proportional required. For the - 
Angle D R S being a Right one (as being in a Se- 
micircle) à :4:: 4:4, by Prop. #7 à 


dy PRO BETA 


“©. And thus may you find a Line equal to the Square 

~ Root of any Number or Quantity, by findinga _ 
* mean Proportional between it and 1. For if2== 4, — 
and 4 = 13 then will 4— 2, equal tothe Square © 
Root of Z. | 


PROB. 
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oR OB. TE. 


Thus alfo may a Square be found equal to any 
Rectangle given, by finding a mean Proportional 
between its Sides, which fhall be the Side of the 
Square required. 


| PER @wBotikV: 
To find a Square equal to any Triaugle. Ÿ 


Find a mean Proportional between a Perpendi- 
cular let fall from any Angle to an oppofite Side, 
and the half of that Side ; and that fhall be the 
Side of the Square required. bn of 

5 3 A Reëtangle being given to make another Rett- 
angleequal toit, which fhall have a Length given. 
Let the Reétangle givenbe ac, and let 
it be required to make another equal to ane 
it, the Length of one of whofe fides fhall 4 c 
bethe Line ef: Here are nowthree €rp 
Lines given, we a band be (whichare | -| 
the fides of the Reftangle given) and Ff 
ef,which mutt be one fide of the Reét- } 
angle required. Therereforea fourth Line mu 

“be found which fhall be the other fide of the Re&- 
angle fought: which is done by finding a fourth 
Proportional to the three given Lines (6, 43.) which ELA 
let bee%. Sothatef:ab::bc:eh;"and then #%° 
I fay, the Rectangle fh is equal tod b, andisthe ~* 
Rettangle required. (6. 27.) A 

. N.B. Thisis calleä Application of the Reflangk, 
equatto a Right Line a b, vid. Eucl, p. 6. e. 6. 


54. To 
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54. Toexprefs a Reétangle, you need ufe but 
three Letters, v. gr. When we fay the Reftangle 
bdc, we mean a Reétangle, one of whofe Sides is 
bd, and theother 4c. “Butif we fay the ReGangle 
bcd, we then mean a Reétangle, one of whofe 
Sides is 6c, and-the other c7. 

55. In every Rectangle Triangle the Square of the 

H yporhenufe is equal to the (Sum 
of the) Squares of the two other 


a 
a Sides (or rorbe Sum of the Squares 
VA dN. of ibe Less) | 
es: Lis Let the Square bm be divided 
pt : by the Perpendicular a de intothe 
two Re@ansles awzanddu. Ifay 
that the Rectangle 7 #7is equal to 
the Square of ac,and the R eétangle 
Am, to the Square of av : and that by confequence 
the whole Square ? 72 is equal to the Sum of the 
_ Squares sfabandac For, 1. Thétwo T'riangles 
alr. aadcand abdbeing fimilar (6. gh) 2x: ra (inthe 
FO ieffer Triangie @ca) ::as the: ame a@¢:¢b in the 
greater Triangle acd. Wherefore ac is a rean 
) Proportional between #'cand cb (or ¢ m) and con- 
fequently the Square of ac isequal tothe ReCtangle © 


bcd, or ct, that isd m. 


a ae ae 


And after the very fame manner may aU be prov’d 
to be a mean Proportional between bd and dc (that 
isbn, &e.) (for the Triangle a bd being fimilar to 

_ abc, db the leffer Sideinone will be to b a the 
“i greater Side, as that b a (now the lefer Sine in the 
. other Triangle abc) istobcthegreater Side: That 

is, db: ba::ba: be (orbn) and confequenth 
the Square of a bis equal to the Rettaugle db n, 
or dn. And fo both the Squares together, of ba 
and ac, orrheir Sum is equal to the Square of the 
Hypothenufe. ae ee: | 

ae À D 


« 
yh, 
ts KA 
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Hence any two, or more Squares, may eafily be 
added together intoone Sum. Let 2d, bd4,andef, 
be the Sides of three givenSquares ; place 4 b and ba 


ec: 
at Right Anglés, and draw the Hypothenufe a 4, 
whofe Square ‘will be ‘equal to the Sum of the 
Square of Z band. Then fet Za from toe, 
and the given Linee f, from 4 tof: So fhall the 
Hypothenufe fe, be the Side of a Square equal to 
the Sum of the three given Squares. 


te, i 


Or if two Squares be given, you may fubtra& 
one from the other, and find a Square equal tothe 
Difference between them. 

Let a and ? be the Sides ¢ 
make (the longeft Line) the Radims of a Circle, and 
fet dfrom the Center on thefame Right Line with as 
at theEnd of 2, ere€t thePerpendicular~, which will 


‘be the Side of a Square equal to the Difference be- 
ge #4 


the given Squares 5 


tween 
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yea" EX eae 


eween theSquares of 4 and J, the twoSquares givens 
for fince the Square of aisequal to the Sum of the 
Square of à and p (by the precedent Prop.) the 
Square of pmuft be the Difference between the two 
given Squares, whofe Sides are 4 and ?, 


P.R-O 5B. fi 


Hence alfo may a Square be made equal to any 
given Polygon, or irregular Right-lined Figure: 
By reducing the Figure into Triangles; finding 
Squares equal to thofe Triangles and then one 
Square at lait equal to the Sum of all -thofe 
Squares. j 3 

Or by making Rectangles equal to thofe Trian- 
glés, which fhall have all the fame Height ; then 
joining thofe Rectangles together, fo as to make 
one great one equal to them all ; and laftly, make 
a Square equal-to that Rectangle. ; 


~ 


CA f} 
is get hie Cuhèd t-piofe Phe, 
fine Pi A: be ato ory 


y re : $ à Fr : i 
: a / Lars 74, y ee F z Ly s f 5 
Ge OF OLLI Fe PL is ER Es: 


g 


at : > AOD es 3 
ET AA Pie À ; ¥ dette ¥' | 
f t À # fy ed 4 < ar À a i Bon f org Te fs 
Vi iY 9 tide KZ Side thal biti FETE LE Laine 
À Tr f , 
L HT À ea lia ~ fg pe REX OS 
| “4 = J 4 # "4 a of x. $ LIÉE Ben”. | 
MGS UF à AT LÉREORES As 
| OL Da ns be ré, (OR GS Lak EN Aw IDG, Be he, Bf te 
Bak ea GRAS UF tei SASL id, 467.2 ? : 
# fe We tet 72 
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59. If upon the three Sides of a Rectangled Tri- 
angle are made three fimilar Figures, and thofe fimi- 
larly pofited, the greateft fhall 
be equal tothe othertwo. 

For the three Figures being KSC 
fimilar, are as the Squares of KV 
their Homologous Sides (6.53) KV 

And therefore, the Figure À c™N 
fhall be to B and ©, as the 
Square of Zristo the Squares 
of abandac. But the Square of 2 c.is equal to 
thofe two Squares (by the lat) therefore rhe Figure 
A is equal to both B and C together. 


ICO BEF: MF 


To find two Lines, b and c, which foall bave 
the fame Ratio to one another, as two gi- 
ven Squares, Similar Triangles, Similar 
Polygons, or Circles. | 


Let 2 and 4 be theSides of the two given Squares, 
‘Triangles, Polygons ; or the Diameters or Radius’s. 
‘of the Circles given : Set them at Right Angles to 


Jee ane 
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one another, as you fee, and draw the Hypothenufe 
bc, to which let fall the Perpendicular 2, which 
fhall divide the Hypothenufe intotwo Parts 4 and c, 
‘the Lines required. For the Triangles Z and X be- 
ing fimilar (by 49. of the 6.) will be to one another 
as the Squares of their homologous Sides a and Ag 
(6.49.)ThefeTrianglesalfo having the fameHeight, 
will be as their Bafes (6. 9) wherefore their Bafes _ 
bande, are asthe Squares of Zanda. Q. E. D. 


PROBLEM IL 


This Problem may be inverted thus; To make 
two Squares, Triangles, &c. having the 
Ratio of two given Lines, band c, or in 
any given Ratio. 


Foin the Lines into one continued Line, and then 
make that the Diameter of a Circle, from the Point 
where 2 and ¢ join; erect a Perpendicular to the 
Curve as D, then draw Zand a, and they fhall be the 
Sides of the Squares, Triangles, fimilar Polygons, 
or the Diameters of the Circles required. 

‘Ina Right-angled Trian- 

gle let the Hy porhentfe beh, 

the Catheti or Legs band ¢, 
a Perpendicular from the 

Vertex of the Right Angle 

p, and the Segments of the 

Bafe madethereby, zand e. 

Then 2. #-b::c:p4 Wherefore bp — bc, from 

whence will arife thefe 4 Theorems, for finding 
any of the Sides or Perpendiculars by having the 

ncft. aya Nik | 


1B 


x ye PSE Fa, 4, dx. 
eee de 
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__bc b 
ts SAC TE 
bp be 
a) he 4.p=> 5 
+ 


2.4.b::b.% Dh =RR 
2 Wherefore { F 
é.¢ ce=eh 
Whence will arife thefe two Theorems for finding 
the Segments from the 3 Sides. 


ob ? er: : 
I; — =, > = 
b 2 D - 


"BAP 2056 ac—pby 
‘ Wherefore { F 
CEE 2 eb—=pc 
From whence thefe Theorems will arife for find- 
ing the Segments,the Sides, or the Perpendiculars. 


I. aes AE ca 
€ 
aC eb 
ARRET — =C, 
eee P 
F ae ? ‘12088 | PE 
5e D —= p. MEN ° l 
Bee P's:1c. 0 be—pe 
Wherefores 
C.p::b.@ leag— b 


aa 


% | And Confequ ently, 
ao 1 2.4 À. 


; TR Ce a) ae - 
5. And fince e— — and (by 3,) = 5 


Therefore" =e = Wherefore p ch = Gee. 


And dividing both by ¢, p= 2. — 


That is, the Rectangle under the Legs, is equal to 
that of the Perpendicular into the Hypothenufe, &c. 
For, by proceeding after this Method, the Reader 
may eafily difcover many fuch Propofitions as thefe : 
Which I leave to exercife his Skill and Diligence 
this way. | 


Jb That the Reétangle under either Leg of a 
right angled A, and the oppofite Segment of the 
Bafe, is equal to that under the Perpendicular 
into the other Leg. 


Il. The Square of the Hypothenufe is to that . 
of either Les :: Asthe Reétangle under the Hy- 
pothenufe, and the Segment of it, oppofite to that 
Leg, is to the Square of the Perpendicular. — 


Ill. The Solid: under the.Perpendicular into.the 
Reétangle of the Legs, is equal to that under the 
Hyporhenufe into the Rectangle of its Segments, 


IV. The Square of the Perpendicular is tothe 
Square of any Leg, as the Segment oppofite to the 
Leg, is tothe whole Hypothenufe. © 
ih V. The 


SUN eS ee de eae 
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V. The Square of one Leg into the oppofite Seg- 
ment of the Hypothenufe equal to the Square of the. 
other into its oppofite Segment. Wherefore, 


VI. The Squares of the Sides are as thofe Seg- 
ments. 

56. If on the Hypothenufe 4 c of a Reétangled 
Triangle, there be made 2 Semi- 
circle ac, and on the other two 
Sides a band ac, two more Semi- 
circles a and amc, that great 
Semicircle will be equal to the o- | 
ther two (by the laft Pri ) And if from the 9° 5, 
greater Semicircle, and the two leffer ones, you” =~ 
take away what iscommon to both ; which are the 
two fhaded Segments a and 4¢; what remains 
of each muft be equal, 7. e. the Triangle a ¢ is 
equal to both the Lunes 0 zaand amc. 

And this is the Quadrature of the Zuves of Hip- 
pocrates of Scio. 

57. When the Triangle 4 a @is an /fufceles, then 
the Lunes will be equal,and then alfo the Triangle 
abo, being the half of 22 c, will be equal to each 
Lune. But if the Triangle be a Scalene, as in this 
Figure, the Lunes are unequal ; and ’tis as difficult 
to divide the Triangle 2c into two Parts by the 
Line 4 0, foasto be able to prove the Triangle a 0 0 
to be equal to the Lune? z a, and the Triangle 046 
to be equal to the other Lune 4 mc; this is, I fay, 
as difficult as to find the Quadrature of the Circle. 


N.B. Since this, feveral ways bave been difcover 4 
of {quaring any affigned Portion of rhefe Lunes 
(See the Philofoplical Tranfaëtions, N° 259. 
pag. 4, 11,) Of which this 15.0me, 


T 4 | Let 


f 
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Let there bea greater Circle BGA C, on whofe 
quadrantal Arch B A, let the Lune be BEAGB, 
or L,bedrawn by deferibing the femicircularArch 
BEA, which is one half of the leffer Circle BCAE. 
Let thena Line, as C E, be drawn from the Cen- 
ter of the greater Circle, cutting off any Portion. 
or Segment of the Lune, as BE D: ’Tis required 
to fquare that Segment. : 7 

Draw BG at right Angles to E Cs So fhall the 
Chord B G be perpendicularly biffected in the Point 
F or 7, draw alfo BE and E G A. I fay, that the 
Right-Lined Triangle BE F, is equal to the Part 
of the Lune BE D. | | 

For FG being equal toFB, EF common to both, 
and the Angles at F equal, becaufe both Right, the 


Triartle EFG will be equal to BEF: Wherefore 


the Angle o being equal to 4, they muft be both Se- _ 
mi-right ; And confequently, fand S muft be alfo _ 
Se- 


| 
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Semi-right: Therefore the three Triangles EBG, 
E BE and EFG, muft be each one the half a 
Square: And confequently,GB: EBV 22140788 
for the Square of G B is double the Square of E B ; 
and fince fimilar Segments are as the Squares of 
their Chords, the Segments BG muft be double of 
BE: Wherefore the half of one wilibe equal to all 
the other ; that is, B D F equal to the Segment BE. 
And therefore the Reétilineal Triangle BE F, ex- 
ceeding the Portion of the Lune by the half Seg- 
ment BEF, and falling fhort of the Lune by the 
Segment BE, which is equal to that former half 
Segment BDF, the Triangle is exactly equal to 
the Portion of the Lune. Q. E. D. 

And the Ground of all is this,that the Angle BCE 
being at the Center of one Circle, and at the Cir- 
cumference of the other, mutt divide the Quadran- 
tal Arch BG A, in the fame Proportion as it doth 
the Semi-circular one BE A: On which depends 
the Equality of the Segments B E, and BD F. 


SDA 


And fiance the Triangle BCA is equal to the Lune | 


L, (as is apparent by taking the common Segment 
BGAB, from the Semi-circle BEAP, and from the 
Quadrant BG AC) it will be eafie to take from 
thence a Part, as the Triangle BOC, equal to the 
affigned Portion of the Lune. For having let fall a 
_ Perpendicular from E, to find the PointO, draw OC; 

and then will the Triangle BOC, be equal to the 


Triangle BEF, before proved equal to the Segment | 


of the Lune. Forthe Triangles BCA and BEF 
are fimilar, as beingeach the half of a Square: And 
therefore the former to the latter will be asthe Square 
of BA, to the Square of BE (6. 47.) their homo- 
logous Sides. Thatis,as B A is to B O (6.25.) for 
B Eis a mean Proportional between B À and BO. 
Farther, the Triangle BAC, having the fame Height 
with BOC, will be to it as the Bafe AB to BO. 

Where- 
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Wherefore the two Triangles BEF and BGO, be- 
ing proved to have the fame Ratio to-one and the 
fame thing, mutt be equal. a Ap ae 2 ae : 
And therefore todivide theLune according to any 
given Ratio, you need only divide the Diameter 
AB, according to that Ratioin the Point O, and 
from thence ere@ta Perpendicular to find the Point 
E : Then draw EC, which fhall cut off the afligned 
Portion of the Gune. | 
58. Two Chords cutting or croffing each other 
; ina fre have Segments reci- 
sd | procally Proportional. 
4 iG co. I fay, that a¢:be::de:ec, and 
7% Ne confequently the Re€tangle a e cis e- 
a Ye qual to the Rectangle 7e 4. 
di ut For draw the prick’d Lines 4 band 
dc, and the two Triangles 4 be and 
ace will be Similar: Becaufe, 1. The Vertical or 
Oppofite Angles at e are equal (1. 23.) 2. The Angle 
à is equal to c, becaufe ftanding both on the fame 
Ark 4 4, and being in the fame Segment (4. 12.) 
wherefore the two Triangles are Similar, and con- 
fequently ae.eb:: de. ec. (6. mf.) Q.E D. | 
39 59. If acbethe Diameter of a Circle, and dd 
a Perpendicular to it, 2e or be will 
be a mean Proportional between the 
Segments of the Diameter z ¢ and 
€ ec. Becaufe 7 e is equal to e b (by 
4.6.) and therefore fince (by the aff) 
the Rectangle à e 4 (that is 5 é 
Square) is equal to 4ec, asthe Re- 
tangles of the Parts of all crofling Chords are ; 
the Line Je or e4, muft be a mean Proportional 


between #eandec, Q. E. D. 


4 


D | 


60, Twa 
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60. Two Lines a¢ and 4 4, drawn from a Point 
a, without a Circle, to the internal 
and oppofite Part of its Circumfe- 
rence, are te each other Reciprocally . 
as their external Segments. I fay, 4¢, 
ad::@e:ab, and confequently the 
Reétangle ca bisequaltod ae. For 
fuppofing the Lines ce and batobe € 
drawn, the Triangles 4e c and a@b d. 
will be fimilar, becaufe the Angle 4 iscommon to 
both, and the Angle c isequal ro #, becaufe ftanding 
on the fame Ark be (4. 12.) Whereforé da: ab:: 
ca:ae;and alternately, 44:c4::4 b:ae;and by 
Inverfion ca:4a::ac:ab(6.45.) And therefore 
the Reétangle ca bisequal todac. Q.E.D. 

If one Line, as a, touch a Circle, as in the 
Point 2; and another Line 4 4, drawn from the 
fame Point 4, do cut it; then is & 0 
(the Tangent) a mean Proportional 
between 4 and ae (i. e. between 
the wbcle Secant, and the Part of it 
avithout the Circle.) 

For drawing the Lines 2e and bd, 
the Triangles 4 e band b4 4 will be 
fimilar, becaufethe Angle 2, iscom- 

mon to both, and the Angle 22 e (made by the T'an- 
| gent, and Secant € b) is equal to 4 (an Angleinthe 
oppofite Segment )(4. 17.) therefore they are fimi- 


Jar, and confequently ea (in the little Triangle) will 


be toad: :asthatfamea/ is toa 4, in the greater 
Triangle ;i.e.¢¢:40::a0:a4. QE. D. 


61. Let 


Is 
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61.Let there bea Diameter a 2cutinc by an inf- 
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nite Perpendicularee, whether with- 
inthe Circle, as in Fig. r. at the 
Circumference, as in Fic. 2. or with- 
out the Circle, asin Fig. 3. Let 
there be drawn alfo from the Point 
4, any Right Line, as ae, cutting 
the Perpendicular in e, and the Cir. 
cle in 4. I fay, it fhall always be | 
asdd:ac::ab:ag | 

_ For drawing the Line & 2, there 
will be made two Triangles that are 
fimilar, ase acand dab; which 
will be fo, becaufe they have one 
Angle, as 4, common to both, and 


the Angle 7 equal to c, becaufe both are Right 

ones (for dis Right by 4. 14.) as being an Angle 

in a Semicircle, and ¢ is Right by the Suppofition. 

Wherefore the Triangles are fimilar, and confe: 

quently ad:ac::ab:ae. Q.E.D. 

62. In the fecond Figure 4 d is always a mean 
a 


ee Propottional between Ze an 


; in the firft, the 


middle Proportional is 4 E, drawn from a, to the 
Place where the Line ¢ ¢ cuts the Circle. 

63. If of a Triangle infcribed in a Circle, the 
Angle à 4 c be biffected by the Line aed. ; 
I fay, then ba:4€::a4:4c, For drawing the 


- 
iS 
cd 
4 


Line @%, there will be made two Tri- 
c angles 42 4 and sec, which are fi. 
milar; becaufe the Angle 4 is equal 
toc(4. 12.) as (being in the fame Seg- 
ment) or infifting on the fame Ark, 
and bad is equaltoe a c, by the Sup- 
pofition. Wherefore the Triangles are 


fimilar, and confequently ba:ad::ae:ac (and 
therefore alteruately ba:ae::ad:ac.) Q. E. D. 


64. When 
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64. When the Angle at the Vertex is thus bif- 

feéted, the Segments of the Bafe Ÿ ¢ are alfo propor- 
tional tothe Legs of the Triangle (7...) be :: e¢ 
::b.4:a€ For fuppofing e f drawn parallel to 2a: 
Then will ba: ac::ef: fc (6. 4e) But ef is e- 99 
qual toa f, becaufethe Angle a ef isequal toe ad, ~ 
(as being alternate Angles x. 31.) and confequently 
to e af (by the Suppofition) wherefore the Triangle 
aef is an {fofceles (2.15.) And therefore inftead of 
putting of it as before À a:4c::ef:fc, we may 
faybaïac::af:fc. Butas af :fc:: foisbe Pa 
sec (6. me.) wherefore ba:ac::be:ec. Or, J 
which is all one, be: ec.: 0 aka ct Q. E. D. 


N.B. Z his Propofition 1s Univerfal; and 4 
any Angle of a Triangle be biffetted, the 
Legs about thar Angle are proportional te 
the Segments of the oppofite Side made by 
the Line biffecting the Angle.) 


+ 65. 1f two Circles touch one another (77 4 Point 
itbin) as 4, and if to that Point 
you draw a Tangent and a Perpen- 
dicular 4 c b (which will pafs thro’ 
both their Centers) (4. 5.) and if 
alfo you draw any Secant from 
the fame Point, as aea;3 I fay, 
‘twill always be ae:ad::ac: 
ab. For having drawn the Lines 
ecand dab, the Triangles 4 e c and abd will be 
fimilar, as having the Angle at 4 common, and 
e and 4 both right ones; (by 4. 14.) and confe- 
quently ae:a@d4::ac:4b. Q.E.D. | 
66. The Ark ecis tothe Ârk d b, as the whole 
Circle aec, to the whole Circle # 4 D. 66: 
D. Se Cru (Ci GR 
fo LR ele. greater (en te £ ‘ 079. Ze 
a 7 am iis Le ti 
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64. If two (or more) Chords, as c, C, iffue from 
the Sagi End of any Diameter of a Circles Their 
Squares foall be divettly, as 
the Verfea Sines x X. 

And foall alfo be equal to 
theR ettangles under the Di- 
ameter ana fuchVerfeaSines, 

Let fall the right Sines s 
and §. Then will cc = ss 
+ x x, andCC=SS + 
XX ; and if theDiameter be 

called D, its Parts will be x 

and De. X and D — X : 
Brat D — x x, and SEMI XX 
(by 66: of this Book) wherefore fabftitute thofe 
two laft Quantities inftead of the Equals s s and 
$58; and you will havecc =~Dw—xx+uu, 
(that is) Daw andCC = DX—XX + XX(tharis) 
D X ; which provesthe latter Part of the Propofition, 

_ that the Square of the Chord is always equal to 
the Reétangle under the RS E verfed — 
Sine, and the whole Diameter. 

And ‘tis plain, that 


DxveDAS Se. X, OCR. 
ag SO 
any: Circle le, whofe Area is equal to the aoe. 
vex se of a given.Cone, will have its Radius 


a mean Proportional between the Side of the Cone, 
and Radius of its Bafe. 


a f ¢ eve ate Let ” 
We Kr ly ANT ED EP AREA 
a ie e 
et thd , t fé. | ide fr fet faa se fs ar Y | 
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Let the Side of the Cone be = 4, the Radius of 
| the Bafe—r ; then the Diameter will be z r, and 
the Periphery =276—c. But half the Periphe- 
ry into the Side of the Cone is = to the Convex Sur- 
face of the Cone (by...) that is, a7 e expreffes the 1° *4 
the Area of the Cone. Now fince y : 4 r isa mean 
Proportional between 4 andr (fora4/: ar::4/:4r 
y) 1 imagine: 47 to be the Radius of the Circle 
whofe Area == Area of the Cone. Then will its 
Diametersbe 21:47, and its Periphery 27 ares 
and by Multiplication of 2 Y :are, the Periphery 
into: /:ra the half Radius; or y: are into’: 4, 
the Radius of the Circle will be a7 e= h, the Sur- 
face of the Cone. Q.E. D. 

69. The Convex Surface of aright Cone is to 
the Area of its Bafe :: as the Side ot the Cone is to 
the Radius of the Bafe. 

For fince the Convex Surface of the Cone (by 
what is faid after 14. Book 4.) is equal to a Tri- 
angle whofe Bafe is equal to the Periphery of the 
Circular Bafe of the Cone, and its Height the Side 
of that Cone, call the Periphery c, and the Side of 


the Cone 4, then will exprefs the Area of the 
Convex Surface, and the Area of the Bafe will be 
“ (by Art. 26: Book 4.) But there is no Doubt 


BEPC se 
but —: —::ar. Wherefore, &c. 


Z 2 . 
10. A Circle whofe Radius is equal to the Dia- 
meter of the Sphere, will have its Area equal to 
the Sphere’s Surface. 


Let 
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Let the Racius of fuch a Circle be 2 7, then its 
Diameter is 4.7, and its Periphery will be qr e; 
and by multiplying that by 7 => half of Radius, 
the Area isa rre. Let then the Radius of the 
Sphere be r, then will its Diameter be 2 7, and 
the Periphery of a great Circle 2 7 @, which being 
multiplied by the Radius r, makes 27re; the 
halt of which is ry re, the Area of a great Circles 
but the Area of 4 fuch Circles is equal to the 
Sphere’s Surface (by Cor. V. p. 76.) thatis,arre 
== to the Sphere’s Surface; which was above pro- 
ved. equal to the Area of the Circle, whofe Radius 
was equal to the Soherc’s Diameter... Where- 
fore, €5c. | | #7 
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Of Incommenfurables. : : :. 


LA 


[2 


ie 
> 8 
eyes 


Para. 
3. If you take the Quantity (of a common French | : 
Pace) which is two Footand half, andtry with that ae 
K. toi" 
a + 
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=: to meafure a Fathom, you cannot do it: Becaufe if 
© You add that Pace caly twice, it will make but five 
eo . Foot, which are lefs than the Fathom ; and if you 
J FE take it three times, it makes feven Foot and half, 
ts which are more than the Fathom ; fothat this Quan- 
b. à tity of two Foot and half cannot meafure the Pa- 
. + 9thom, and therefore properly fpeaking is not a Part 
ef) OF it. "But neverthelefs they may be faid to be Parts 
Sof the Fathom, becaufe this Quantity contains five 
_ Svhalf Feet ; for an half Foot isa Part of a Fathom, 
~ becaufe being taken 12 times, it will juft meafure 
~ its fotherefore this Place contains Parts of the Fa- 
Me thom, becaufe it contains five half Feet, which are 
ai qj that is five twelfths of a Fathom. 
~ 4. When two Quantities are fuch, that a third 
can be found which fhall be an (Aliquot or Even} 
_Part of both, that is, which fhall szeafure them 
“both exadily : Then thofe Quantities are faid to 


NSS 
La 
€ 
+ be commenfurable : As for Inftance, a Pace anda 


{ V4 co LIT 


J 4 
€” 04 04 


‘à © Foot, which will Ree them both ; ios if the 
3 half Foot be taken five times, it makes the Pace, 
5. and taken 12 times, it makes the Fathom. 
© 5. But when it is not poflible to find any itd | 
= Quantity which can meafure two others, then 
a thofe two Quantities are called Incommenfurables. 
+ 6. Commenfurable Quantities are as Nuwber to- fs 
_ “Numater, that is, thofe Quantities can be exprefled 
by Numbers, fo that as one Quantity is to the other, 
à #0 fhall one Number be to the other. Thusa hue 
= of fix Foot or a Fathom, and a Line of two Foot 
: and a half, as a Pace, are to one another as Number 
“to Number. or half Foot meafuring them both, 
the latter by being taken 5 times, and the former by 
“being taken 12 times, it’s plain that one Line con- 
“Stains 5 half Feet, and the other r2, and therefore they 


are as § to 12, or as Number to Number. = 7, If 
SS | Coty » Ÿe ved a oy bp LS À piri 7 Jnoat?, GAL i B8 fe or T he, 
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9, If two Quantities are not as Number to Num- 
er, thatis, if it be impoffible to exprefs their Mag- 
itudes by two Numbers, they are Incommenfura- 
le: As is plain from the latt. 

8, We ought then to fee wherherthere are in Re- 
lity any fuch Quantities whofe Magnitude cannot be 
xprefs’d by Numbers ; and if there be any fuch, we 
nuft fay that there are [ncommenfurable Quantities. 

9. A plane Number is that which may be produ- 
ed by the Multiplication of two Numbers (ove #20 
mother) v. g. 6 is a plane Number, becaufe it 
nay be produced by the Multiplication of 3 by 2: 
jor twice 3 makes 6. Soalfo 15 isa plane Num- 
er, arifing from 5 being multiplied by 3; and 9g is 
pee Number, produced by the Multiplication 
b ° 

“a Thofe Numbers which, being multiplied one 
y another, do produce a plane Number, are called 
he 574es of that Plane, as 2, and 3 are the Sides of 
he Plane 6; and 3 and 5 are the Sides of 15. 

11. If we imagine Units to be little Squares, 
hofe Squares may be formed into a ReCtangle, if 
heir Number be a Plane. Y. gv. 12 Squares may be 
laced in the form of a Reftangle, one of whofe 
sides may be 6 and the other 2 and 48 will make a 
Reftangle whofe two Sides may be 12 and 4. Sec. 
he following Figures B and C. J 

12. A fquare Number is a Plane, whofe Sides are 
qual; as 4 arifing from the Multiplication of 2 by. 

; as 9, the Produét of 3 by 3: And 16 made by 
. multiplied by 4, &c. | | 

13. À fquare Number may be ranged into the 
orm of a Square, and that Number which can be 
anged into the form of a Square, is a fquare Num- 
er, and that which cannot be ranged into’ the 
srm of aSquare, is not a fquare Number. : 

K 2 14. S§t- 
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14, Similar plane Numbers are thofe which may 
be ranged into the Form of 
fimilar Re€tangles; that is, 
into Rectangles, whofe Sides 
oe are proportional; fuch are 
re 12 and a 4 RAT the Ads of 
A 12 are 6 and 2 (See fg. B 
| CDI: and the Sides of 48 ip i 
and 4 (See Fig.C) But 6:2::12:4, and there- 
fore thofe Numbers are fimilar. 

15. All fquare Numbers are fimilarPlanes (6. 32.) 
| | 16. Every Num- 
ber may be placed 
in the Form of a 
Right Line, and 
in that Difpofition 
may be taken for a 
Plane.. ‘Thus 3 
(in Fig. A) may be conceived as a Plane fimilar to 
12 or B; For the Sides of the Plane 3, are 1 and 
3, (becaufe once 3 is 9) and the Sides of 12 are 2 


3 
avid sOa.n Buts, 3 irs at 0. 
17. There are Numbers which are not /i/ar 
Planes: As if you examine from 1 to 10, you will 
find indeed that 1, 4, 9, being Squares are fimilar, 
and fo are 2 and 8, which have one Side double to 
the other... But the reft, as 3, 5, 6, 7, are by no 
means fimilar Planes. _ 
_ 18. If one fquare Number be multiplied by ano- 
ther, the Produé will be a third fquare Number, 
Thus A 4, and B 9, being both 
Squares, do, when multiplied into 
one another, produce the Number 
36 orC: And [fay thatthird Num- 
ber is a Square. . For the Meaning 
of multiplying B by A, is take B 


| 


as often as there are Units in A. 
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But I may confider the whole Number B 9, as one 
only Square, and I can take that as often as there are 
Units or little Squares in A. And as the Units in 
A are ranged into a Square, fo I can range the 
Square B as often into a fquare Form, juftas if it 
were an Unit. So that there will be four fuch 
Squares of B, which, being placed as you fee in the 
Figure, will make the Square C or 36. 

19. If two Numbersare fimilar Planes, the greater 
may be divided into as many Squares as there are U- 
nits in the leffer. A, 3. and B, 

12. are fimilar Planes ; fo that 
the Side 3. is to 6 :: asthe Side 
1. isto 2. Wherefore I can di- 
vide the Plane B, 12 into 3 
Squares placed juft in fuch a 
manner asthofe 3 littleSquares 
in the Plane A. And every one 
of the great Squares of B fhall anfwer to 4 of thofe 
in A. Soalfoif the Planes 

had been 8 and 72 ; I can 
divide 72 into eightSquares, 
of which every one fhall 
contain 9 of thofe in the 
leffer Plane 8. The fame 
would come to pafs alfo, if 
either one, or both the Numbers had been Fraétions. 
As if A contain 3 and, and B rq. Ican divide 14 
into three Squares and half, difpofed juft like thofe 
in À ; as may be feen by the Partitions in the Figure, 
and by the half Square added in prick’d Lines, 

In like Manner if the Planes were B 12, and D 23, 
I can divide 27, not only into three Squares, difpofed 
after the fame Manner as thofe in A: But alfo into 
12 Squares, fo ranged asthofe in B, as the prick’d 
Lines in the Figure D do fhew, The Wayto do which 

is to divide the Sides of the greater Plane into as ma- 

ny Parts as the homologous Sides of the Jeffer Plane 
~ 3 are 
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-are divided into ; the Figure fhews the thing, and 
makes it eafie. | | 

20. Thofe plane Numbers which can be fo divi- 
ded, as that there are as many Squares inthe greater 
Plane, as there are Units in the leffer, are fimilar ; 
this is the Converfe of the former. de. 

21. Two fimilar plane Numbers, multiplied one 
into another, do produce a Square. For having di- 
vided the greater Plane into as many Squares as there 
are Units in the lefler (7. 19.)one Piane will be 
multiplied by the other, if the greater Squares of the 
greater Plane be taken as often as there are Units or 
little Squares in the lefler Plane: But to multiply 
any Number of Squares by the fame Nymber, is 
to make one Square out of all thofe Squares. 

For Inffance, A 3. and B27. being fimilar Planes, 
i confider B. 27. as a Plane compos’d of three great 
Squares, as A 3. isa Plane compos’d of three Units, 
or three little Squares. Sothatif [take all thefe rhree 
great Squares as often as there are Units in A, that 
is three times ; | producethen three timesthree fuch 
great Squares as are in B, that is 9 fuch fquares 5 of 
which every one contains 9 of thofe in A, and all 
thefe 9 Squares of B contain 81 of thofe of A; fo 
that A 3. multiplying B 27. produces 81. whichisa 
Number of the leffer Squares rang'd 
into.a fquare Figure; and by confc- 
quence a fquare Number(7. 13.) In 
like Manner if the Planes were B, 12. 
and 1D. 27. I, divide 27 into 12 
Sjuares, which I multiply by 12. 
and there are produced 144 greater 
. | Squares ranged in the Form of a 

SA Ta Square, which do contain in all 324 
of thofe of the lefler Plane. (N. B. To divide 29 in- 
to 12 Squares, each Square muft be 2. 25.(0r twoand 
a Quarter)as you may fee it is intheFigureD, N°19.) 
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22, If two Plane Numbers are fimilar, after what 

Form foever you range one, the other alfo may be fo 
difpofed. Let 3 and 12 be fimilar Planes. If 12 
be fo rang’d in a Right Line that will make a Rect- 
angle, one of whofe Sides fhall be 12, and the other 
1: I fay that 3 may be fo difpofed as to make a 
fimilar Reétangle, one of whofe Sides will be 6, and 
the other the half of one, €9c. | 

23. If one Number divide another that is a fquare 
one, a third fhall be produced which will be a Plane 
fimilar to the Divifor. 

Let there bea Square a c 16, and let itbe divided 
by any Number, as fuppofe by 8, which is done if 
you take thecighth Partof the Side _ | 
a4, viz. ae, and thro’ e draw the 
Parallel ef: For by that means you 
will have the Plane af, which will 
be the eighth Part of the Square @. 
But to divide a Number or a Plane 
by 8, is to take the eighth Part of 
that Number or Plane. 

[fay the Plane 4 / isfimilar to 8 ; for 8 beingrang- 
ed into a Right Line, fo asto make a Retangle, one 
of whofe Sides fhall be 8, and the other r, fhall be fi- 
milar to it, becaufe ae was taken the eighth Part of 
a d'or a b : Whereforeas 8:1 :: (whichare the Sides 
of the Plane 8 the Divifor) fofhall a 2: ae(whichare 
the Sides of the Plane of the Quotient arifing when the 
Square ac was divided by 8. Therefore if one Num- 
ber divide another that is a Square, &c. Q. E. D. 

24. If two Planes multiplying one another do 
produce a Square, whofe Planes are fimilar. 

25. Two Plane Numbers which are not fimilar, if 
they are multiplied into one another, cannot pro- 
duce a Square. Thefe two Propofitions are Con- 
fectaries from the foregoing ones. 
| K 4 26, If 


136 ELEMEN ES 

_ 26.1f two Numbers are fimilar Planes, their Equz- 

multiples and any of their (refbeétively) equal Parts, 
are alfo fimilar Planes. Let the Planes be a Uc 4. 3. 
and ABCD, 12. fothat 2b: AB::bc:BC. I 
fay, if you take the double of the one, and the dou- 
ble of the other (or any other Equi-multiple, be it 

what you pleafe) thofe doubles fhall be fimilar. 

For having taken ae double to z 4, and A E dou- 
ble to AD:in order to 
make the Plane Ze dou- 


A. B TES ble to 2 4, and BE 
oH AT TE double to BD: ’Tis 
D! Qc clear that a@d:AD:: 
Ha Dés ; ae: AE. Butad:AD 
Bisous Sore | -:ab:AB. Wherefore 


_alfose: AE ::40:AB. 
And confequently the Planes 0 e and BE are fi- 
milar. 5; 

Twould be the fame thing had you taken their 
Halves 2 o and BO, or any other equal Parts of each. 
_ 29. If two Numbers are not fimilar Planes, their 
Egui-multiples,and all their(re/pettively) equalParts 
will alfo be not fimilar, which follows from the laft. 
28. Between any two fimilar plane Numbers 
whatfoever, there is to be found a mean Proportio- | 
nal. Let the two Numbers be 2 and 8, I fay it is 
poffible tofind a Number which fhall be a meanPro- 
portional between them. For if we imagine the 
Plane 8 to be ranged in a Right Line A B, and the 
Plane 2 alfo be ranged in another Right Line, as 
A D, and that out of thofe two Right Lines there be 
A pelea, tne meee A CG, Ag 
7 at Plane À C, 16. will be 
RE produced by the Multiplication 
re, @ of the two Numbers z and 8 
‘7 _ (6. 17, and the following Pro- 
pofitions) and confequently the Number of the lit- 
EAS aN kil | L tle 
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| the Squares of the whole Plane AC: 16, fhall bea 
| fquare Number (7. 21.) and they et | 
may be ranged into the Form of a 
Square (7. 13.) Let them then be 
difpofed into . Square a Mesure: ) 
the Square ac be equal to the Plane 
AC; for ’tis only he fame Number gti € 
difpos’d or rang'd after another Manner. Wherefore 
(6. 59.) the Side 40 4 fhall be a mean Proportional 
between A D 2, and A B8. 
29. Between two Numbers non-fimilar a mean 
Proportional can't be found. Let the Numbers be 
4, and 6. Range each of them into a Right Line, and 
multiply them, they will produce the Plane 24. But 
this Plane 24 is not a fquare Number (7. 25.) and 
confequently cannot be ranged into a fquare Form, 
Wherefore ‘tis impoffible to have any AZean between 
4, and 6. For fuch a pretended mean Proportional 
muft, multiplied by it felf, produce a Square, which 
(ashath been prov'd elfewhere) will be equal to the "4 
Plane made between 4,and 6. (6. 59.) which is im-0- >: 
poflible, becaufe this Plane 24, tiade outof4and 
6, is not a fquare Number. | 
30. Let there be two Lines ae and € ¢, fo to one 
another, as one Number to another ni 
non-fimilar. W.gr. as 1. to 2. Let al- 
fo e b be a mean Proportional, fothat 
nac-eb:.ebiec. fay, that ebis 
incommenfurable with the two Ex- 
treams Zeandec. For ae andes, 
being as 1 to 2, (2.6) as Numbers 
non-fimilar (by the Suppofition) as alfo are all their 
Equimultiples (7.27.)"tis impoffible to find a mean 
Proportional between 4 ¢ and ec (by the Precedent) 
and confequently € 4 cannot be to @ @, or to €6, as 
Number to Number. Wherefore it is incommen- 
furable with them. — | 
31. The 
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31. The Diameter of a Square a bis Incommen- 
furable to the Sideac, For taking ad 
Cos b double to ac, and making the ‘Tri- 


| | / i angle 404, it fhall be fimilarto the 
al... d Triangle abcs3 becaufe cd being e- 
ire gual 6b the Angle 4 is equal to 


CCE à : 
ms cO4 (2. 15.) and the Angle 4 mutt 
be a Semi right one as well as c 4 b; 
wherefore ad d isa right Angle ; and confequently 
#00" 48.44. Vhañie avis aimean Propor- 
tional between &c x, and a 4 2, and thetefore In- 


commenfurable (by the Precedent.) 
| 


COROLLARY. 


Æenre *tis impoffiible to expre/s one Square that 
Jhall be Double of another in rational Num- 
bers. 


32. The Power of a Line is the Square which is 
made upon it. Thus the Power of the Line ac 
(Fig. preced.) is the Square ae bc; and the Power 
of the Line a bis the Square abaf. And we fay 
that Line 4 2 is double in Power (in Latin bis poteft) 
to the Line ac, which is a manner of fpeaking bor- 
rowed from the Greeks, and generally receiv’d a- 
mongft Geomerers, 

33: The Diameter 4 bis Commenfurable in Power 
to the Side ac: That is, its Square a 4 f is Com- 
menfurable to the Square aebc, for ’tis indeed 
double to it, * 


34. But 
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34. But if you take 4 0, a mean Proportional be- 
tween a band 4¢, that mean 20 fhall bel ncommenfu- 


‘rable to them even in Power; /. e,the Square of 4 0is 


Incommentfurable to the Square of a 2, ot 
to the Square of a e, for the Square of 40 4+—50 
to the Square of 4 J, isina Duplicate Ratio ao 
of ac to ao (6. 22); that is, asa¢ to ab 6. 30.4. 
But @ ¢ is Incommenfurable to 4 b(7.31.) where-72 
fore the Square of 4 0 is Incommenfurable to the — 
Square of 4 0. | 

35. There is a Second ‘Power of a Line which is 
called the Cube, which is made by multiplying the 
Square by that firft Line, ot Root. 

36. If two mean Proportionals, 4 7 and 4%, be 


taken between ac and 4b ; fo that 46, 


an::am, ob; the Line az will be{n- 4——2 
commenfurable in this fecond Power to 4 ie 
ac (ie) The Cube of 40 will be In- 
commenfurable to the Cube of a 7, becaufe the Cube 
of ac to the Cube of 47 is ina Triplicate Ratio ot 
the Side ac, to the Side 4 7 5 je. asactoñb. But 
ac and ab are Incommenfurable ; wherefore, €5c. 
However, 46 and 4 bare Commenfurable in the fe- 
cond Power ; for the Cube of 4 bis double to the 
Cube of ace 
37.’ Tis eafy to apply to Solid Numbers what hath 
here been faid of Plane ones: And thofe are called 
‘Solid Numbers, which arife from the Multiplication 
of a Plane Number by any other whatfoever. V. gr. 


38 is a folid Number made of 6 (which is a Plane) 


multiplied by 33 or of 9 multiplied by z. 
28. Similar Solid Numbers are thofe, whofe lit- 


‘tle Cubes may be fo ranged, as to make fimilar 


and reétangular Parallelop! peds. 
39. Cubick Numbers are fuch as can be ranged 
into the Form of Cubes, as 6. or 27, whofe S74es 


care 2 and 3, and their Bafes 4 and 9. 


2 40. Every 


a | QUE Pee 
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40. Every cubick Number, multiplying another 
cubick Number, produces a third cubick Number. 
41. Betweentwo fimilar folid Numbersthere may 
be found two mean Proportionals. | 
That which hath been demonftrated, in refpeët to 
Plane Numbers, may be applied to Sclids. | 
“42. Thefe Demonftrations, by which ’tis proved 
that there are incommenfurable Lines and Magni- 
tudes, fhew alfothat a Covtinunmtis not compos’d of 
finite Points: For if the Diameter as well as the 
Side of a Square were compos’d of finite Points, a 
Point would meafure both the Side and the Diame- 
ter, for that Point would be found a certain Number _ 
of Times in 12% Side, and another determinate 
Number of Times in the Diameter, which the pre- 
ceding Propofitions prove impoffible. 
43. Becaufe in a Reétangle Triangle the Square 
of the Hypothenufe is equal to the Sum of the 
a Squares of the Legs; (6. 61.) we have always ufed 
7 this Triangle forthe Difcovery of Incommenfurables. 
For it all the three Sides are commenfurable, they 
may all three be exprefs’d by three Numbers, and 
then the Square of the greateft Number will be equal 
to the Sum of the Squares of the other two. As if 
Le the greateft Side or Hypothenufe by 5. Feet, the leaft 
7 Side 3, and the middle one 4: The Square of 5 
will be 25, the Square of 3, 9, and the Square of 4 
will be 16: And 9 and 16 added together do make 
the great Square 25. But if the leait Side of fuch a 
Triangle be 2, and the middle one 3, then the great- 
eft Side cannot be exprefs’d in Numbers, becauie the 
Square of the leaft Side 4, added to the Square of the 
middle Side 9, makes 13, which exprefs the Square 
of the greateft Side. But asthat Number 13 is not 
a fquare Number, fo its Side or Root cannot be ex- 
prefs’d by any Number. ord | 
_ 44. Âtalltimes Men have been follicitous to find 
out fome Method of difcovering proper Numbers to 
A | eae a exprefs 


k 


ea 
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exprefs the three Sides of a Rectangle Triangle, fo 
as to be affured that ail the three Sides are Commen- 
furable. Thereforel here fhew you fuch gaMethod, 
by which you may find out ail the pofirble Num- 
bers that are proper for this Purpofe. 

45. If youtake any two Numbers (even Unity it 
{elf ) differing but by an Unit, and add the Squares 
of them together, the Sum willbe a Number which 
fhall be the Root of a Square equal to two Squares 5 
and that Number willexprefs the greateft Side of a 
Reétangle Triangle, whofe middle Side fhallbe that 
Number leffen’d by Unity, and the leaft Side thall be 
the Sum of the two firft Numbers. /. gr. Having 
taken 1 and 2, and fquared each ofthem, you have x 
and 4; add thofe two Squares together, and the 
Sum is 5. I fay 5 will exprefs the greateft Side, and 
then 4 will be the middle one, and 3 the jeaft ; and 
25, the Square of the Hypothenufe, will be equal to 
the Sum of the other two Squares. In like manner 
if you take 2 and 3, and add the Squares 4 and 9 
together, the Sumis13. ‘Then I fay, will 13, 12 
and 5 be three Sides of a Rectangle Triangle ; fo 
that 169, the Square of 13, fhall be equal to 144, 
and 25, the Squares of 12 and 5. Moreover if you 
take 3 and 4; the Sum of their Squares 9 and 16, 
makes 25; wherefore I fay 25 may be the greateft 


_ Side of a Rectangle Triangle, whereof 24 will be 


the middle Side, and 7 the leaft Side. | 
It muft be obferv’d alfo,that the Equimultiples of 
any 3 Numbersthus found, will do the fame thing : 
Thus, having found 5, 4 and 3, their doubles 10, 8 
and 6, will reprefent the three Sides of a Reétangle 
Triangle, fo that 100, theSquare of 10, fhall be equal 
tothe Sum of 62, and 36 the two Squares of 8.and 
5. And their Triples alfo 15, 12 and 9, will do 
the fame thing: For any one may fee that all thefe 
Numbers, @il! having the fame Proportion, do as it 
were 
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were conftitute but one only Triangle, viz. that 
which is exprefs’d by 5,4, and 3. And therefore all 
thofe N bers may be taken for the fame. 


N.B. The three Sides of a Rettangled Triangle 
will then only be commenfurable, when they are 
in this Proportion, viz. assaa+ee aa —ee, 
and2ae. Thatis, the Sum of two Square. 
Numbers, the Difference of their Squares, and 
the double Rectangle of their Roots. 
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Of Progreflions aud Logarithms, 


ops Ci Rogreffion is a Series or Rank of 

Gs Quantities which keep between one 
248 another any kind of fimilar Rela- 
ane tion or Proportion; and every one 
® of the Quantities is called a Teri. 
2. When the Terms which fo fol- 
low one another do equally increafe or decreafe, 
the Progreifion is called Arithmetical; as are all 
Numbers proceeding according to the natural Or- 
der of the Figures, as.1, 2, 3, 4, 5, 6, €c. As alfo 
all odd Numbers, as 1,3, 5, 7,9, 11, &%. or as 4, 
8, 12, 16. or as 20, 19, 10, and the like. 

3. Arithmetical Progreflion may be increafed in- 


4 if 
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4. If in an Arithmetical Progreffion there be four 
‘Teims, the Difference between the two firft of which 
is equal to the Difference between the other two, 
thofe four Terms are faid to be Arithmetically Pro- , 
portional: Asin the Progreffion of the natural Num- 

“bers, 1,2, 334) 55 6, 75 8 9 Éd. If you you take 
four as 2,3 ::: 9, 10,(7 is Mark ::: I foalt for the 
future je to figniie Arithinetical Proportion) there 

will be the fame Arithmetical Proportion between 2 
hand 3, as there is been 9 and 103; that is, 10 ex- 
ceeds 9, asmuch as 3 doth 2: So alfo 3:5 :::8:10, 
are in Arithmetical Proportion ; and fo are 1:5::: 
5 : 9, where 5 being taken twice, is an Arithmetical 
mean Propertional between 1 andsQ. | 

5. In Arithmetical Proportion the Aggregate or 
Sum of two Extreams is equal to the Aggregate of 
the two Means, as in2:3:::9:10. the Sum of 
2 and 10 is equalto the Sum of 3 and 9, thatis 123 
fo «fo in 3:5 2:: 8:10. the Aggregate of 3 and 
10 is 13, which is equal to the Aggregate of 5 ana 8. 
And theR eafon of this is felf-evident: For tho’ 10 ex- 
ceeds 8, yet that which is added to 8, (viz. 5.) doth 
juft as much exceed 3, which is added to 10,and fo 
‘there neceflarily arifes an Equality between them. 

6. The Sum of the firft and laft Terms in any 
prefiek Arithmetical Propertion, is equal tothe Sum of the 
LL fecond and the laft fave one ; or to the Sum of the 
third from the jirftTerm, added to the third, accounted 

backward from the laft, &c.as in the firft Example, 
x and 9 make 10, and fo do 2 and 8, 3 and 7, of 
6 and 4 always make ro. And in the middle re- 
mains 5, which being taken twice (as if it were e- 
quivalent to the Terms, becaufe ‘tis equally diftant 
from the firft and Jaft Term) makes alfo 10. 

7. If you add the firft Term to the laft, and mul- 
tiply that Sum by half the Number of the Terms, 
the Product fhall be equal to the Aggregate or su 

© 
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of all the Terms. Asin the former Example, 1 ad- 
ded to 9, makes ro, and 10 multiplied by 43 (or 
4, 5) for there are 9 Terms, produces 45, which is 
the Sum of all the Termsfrom1to9. As is ma- 
_nifeft from the Precedent. | 

8. When the Terms of the Progreffion are conti- 
nual Proportionals ; that is, when the firft is to the 
 fécond, as that is to the third Term, as the third is 
to the fourth, and as the fourth is to the fifth, Egc. 
then the Progreffion is call’d Geometrical, as 1, 2, 4, 
8, 16, 32 :: Orasr,,3, 9, 27, 8t :: Orapain, as 3, 
12, 48, 192, 7683 Or defcending, as 8, 4,2,1:: Or 
laftly, a2, 2 iS, 53, Sao EC. sr 

_9. Geometrical Progreffion may bé encreas’d and 
diminifh’d infinitely. 

10. When the Progreffion begins with 1, the fe- 
cond Term is call’d the Root, Side, or firft Power; 
the third iscall’d the Square or fecond Power; the 
fourth, the Cube or third Power ; the fifth, the Bi: 
quadrate or fourth Power; the fixth, the Sur-fohd 
or fifth Power ; the feventh, the Quadrate-Cuve ot 
fixth Power, &c. | | 

11. If (i7 fuch a Progreffion)youtake four Terms; 
the former two of which are as much diftant from 
each other, as the two latter are: Thofe are fimply 
Proportional, and the Reétangle of their Extreams 
is equal to that of their two middle Terms. 

12. Let the Quantity AB be fo divided in C, D, 
Eand F, &c. that AB: AC::AC,AD:: AD: 
AE, ec. Thenl fay, BC :CD: DE: EF, €&c.are 
in continual Geometrical Proportion ; andalfo that 
AB:AC::BC:CD:: CD:DE, &c. for becaufe 
AB:AC::AC:AD, it will follow, by Divifion 
of Proportion, thatAB : lefs AC: (that is CB:)AC:: 
as AC lefs AD: (that isDC) AD, and confequént- 
ly alternately CB:CD::AC:AD, orasAB: AC, 
and fo of all others it may be proved:: DC: ED:: 


EF >: GR, &e. a EL ta; Let 
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13. Let there be a Progreffion of Quantities in a 
Right-line BC, CD, DE, EF, &e, let C4 
_A be i oe to the fecozd Term CD, that fo we 
GT may have B 7 the Difference between the fir( 
and fecoud 'Terms: And let itbe made as B 4: 
E+ BC::BC,toa fourth Line, viz. BA. May, 
| thatif the Number of the Terms BC:CD: 
DE, é%c. be finite, though never fo great, all 
D+ thofe Terms taken together, although. there 
| be an hundred thoufand Millions of them, 
_ fhall be lefs then B A. Butif we fuppofe the 
€—+ Progreffion infinite, or that the Terms are in- 
|. finirely many, then fhall all of them taken to- 
di- gether be exactly equal to B A. For fince by 
| | the Suppofition Bd, (that is B Clefs C d or 
te if B 


| CD) isto BC::BG, (that is A B lefs AC) 
AB, it may eafily be found that as BC :CD:: 
LD AB: AC :: AC: AD, &c. and confequently all 
nn i ‘the Terms CD, DE, EF, Er. will always be found 
2° within, or be hitherthe Point A. To which it ap- 
fi -{% proaches the nearer, the more the Number of the 
‘12 "Terms is increas’d. So that we fee plainly, that all 
7 thefe Terms (which in Books are ufually call'd 
fl“ Parts Proportional) tho’ they be actually infinite, 
+ cannot make an infinite Length, becaufe they will 
# be all included within the Line B À. | 
4, This Demonftration will appear much more 
eafie and fenfible by the Example of a particular 
Progreffion, where the Terms are in a doube Ratio 5 
v.gr. Let CB be double to DC, and DC double to " 
DE, &c. For if the Number of the Terms be here 
finite, tho’ it be an hundred. thoufand Millions, and 
-.. you take the laft and leaf Term, for Example F E, 
+. and add to it another Quantity, as fuppofe A F,equal 
to it: It is then plain, that E A muft be equal 
to the Term ED, which is the laft fave one: For 
ED as double EF by the Suppofition (the Ratio 
| SR US RECS a en” being, 
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being every where double) and E A is alfo double to 
EF by the Conftruction, it having been made fo, by 
raking F À equal EF. In like manner A E with 
DE, that is À D, fhall be equal to the following 
Term C D, and at laft A C will be equal to BC. 
So that from hence it appears, that the firft or great- 
eft ‘Term is always equal to all the others taken to- 
yether, provided there be added to them but a 
Quantity equal to the laft and leaft Term ; but if 
nothing be added, the firft Term is always greater 
than the Sum of themall, | | 
If thefe Termsare fuppos’d to be a6tually infinite, | 
then the greateft BC will beexaétly equal toall thofe 
infinite others taken together CD, DE, EF, &%c. For 
any one may eafily difcern, that the more there are 
of fuch Terms, the more you approach towards A, 
by cutting off ftill the half of the Remainder: But — 
when any Quantity is thus leffen’d by half, and the 
Remainder again by half, and then the half of that 
hird Remainder taken, and fo on: ’Tis plain, that 
oy fuppofing the Diminution to be made an infinite 
number of ‘Times, nothing at laft will remain. 
This alfo might be demonftrated by a Reduction 
14 Impoffibile, by fhewing that all thofe infinite 
Terms, taken together, are neither greater nor lefs 
han A B. | 
15. Hence may the Difficulties raifed by the 
Schoolmen againft the (Infinite) Divifibility of a 
Continuunz be folved, tho’ to Perfons ignorant of 
reometry, they appear unfolvible: But indeed-at 
he Bottom they are nothing but meer Paralogifms, 
16. Iftwo Progreflions are fuppofed, one Geome- 
tical, beginning with 1, and the other Arithmetical, 
reginning with o, fo thatthe Terms in one fhall be 
olaced over, and anfwer refpectively to thofe in the 
| L 2 others 
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other; the Arithemcticalones arecalled Logarithms, 
Exponents, (or Indexes) as in the following Ranks. | 


OUT ANT GE RDA A EPP QE Te FE 
1. 2. 4 8. 16. 32. 64. 128. 256. 


17. That which is produced in aGeometricalPro- ° 
greffion by Multiplication and Divifion, is efeted 
in the Logarithms by Addition and Subtraétion: 
As, if having three Numbers given; 2: 8: : 64, 
you would find a fourth Proportional to them inGeo- 
metrical Progreflion ; you muft multiply 64 by 8, 
(which ate the two middle Terms). For the Produét 
512 fhall be equal to the Produét made by 2, and 
the fourth Number fought, they being the two Ex- 
treams of four Proportionals. And to find this fourth 
Number, you need enly divide 512 by 2, and the 
Quotient will be 256. So that 2:8::64:256, and 
64 and 256 will be juft as far diftant from one ano- — 
ther in the Order of ‘the Progreffion, as 2 and 8 are. 

But if inftead of theGeometrical Numbers 2 : 8:: 
64, you had ufed their Logarithms 1 : 3 ::6, which 
anfwer to them in the Progteffton, and were minded. 
to find a fourth Logarithm, then you muft have ad- 
ded: 3 and 6, which makes 9, and from thence have 
fubtracted 1, there would remain 8. The Loga- 
rithm anfwering to the Geometrick Number 256. _ 

18. Soalfo, if there be two Geometrick Numbers 
4 and 8, to which the Logarithms 2 and 3 do an- 
{wer 5 by multiplying 4 by 8, you produce 32 ; the 
Number under the Logarithm 5, which is theSum 
of the Logarithms of 2 and 3. 

49. In like manner by multiplying 16 by it felf, 
there will be produced 256, which ftands under the — 
Logarithm of 8, the Sum of 4 added'to itfelf. — 
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20. Soif the Geometrical Number were required 
that fhall anfwer to, or ftand under, the Logarithm 
16, you mutt take 256, which ftands under 8, and 
multiply it by it felf, and it will produce 655%, 
the Number required. _ ve 

21. If moreover the Geometrical Number an- 
fwering to the Logarithm 23 were requir’d, you 
may take any two Logarithms, whofe Sum is 23, as 
fuppofe 7 and 16, and multiplying the Geometri- 
cal Number under them, 473: 128 and 65536 one 
by another, the Produét will be 8388608. TH: 
Number which ought to ftand under the Logarithm 
23, or in the 23d Place of a Series of Geometrical 
Proportionals, beginning from r. 

22. From hence appears the Way of anfwering 
that ordinary Queftion, How much a Horfe would 
coft, 1f bought on this Condition: That for the 
firft Nail in his Shoe a Farthing wereto be paid, for 
the fecond Nail two Farthings, for the third Nail 
four Farthings, for the fourth Nail eight Farthings, 
and fo on, {till doubling for 24 times : For the 23d 
Place in fuch a Progreflion would be the laft Num- 
ber 8388608 Farthings, which, being reduced, is 
8758 /. 25. 84. and being doubled according to (8. 
14.) gives the whole Price of the Horfe 17476 /. 
55 44 

23. Where two compleat Progreffions are fitted fo 
as to anfwer one to another, the Geometrical to the 
Arithmetical ; as fuppofe in Tables for that purpofe 
calculated in Books, there abundance of Pains and 
Labour is {pared, in finding the Geometrical Num- 
bers: For Inftance, Jet thofe three Numbers 32, 64, 
128 be given, and that a fourth Proportional were 
required : Inftead of multiplying 64 by 128, and 
dividing the Produ& by 32 (which Way is very tedi- 
ous in great Numbers): you need only take the Lo- 
_ garithms of the three given Numbers, viz. 32, 64, 
| 3 1283 
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1283 and.adding thezd and 3d together, from their 
Sum fubtraét the firft, the Difference will be the 
| A of the correfponding Geometrick Num- 
er 256. . 
24. But becaufe in fuch a Geometrical Progreffion 
all Numbers will not be found, this Medium hath 
been difcovered ; they have calculated two Progref- 
fions, one of which contains all Numbers 1, 2, 3, 
4, 556, 7, 8, €9¢. which feems to be an Arithmetical 
Progreflion, but yet hath in reality the Properties 
of a Geometrical one. And the other, which con- 
tains Numbers in Appearance the moft irregular, is 
neverthelefs a true Arithmetical Progreflion. See 
here a Line, which will difcover perfectly all thefe 
Myfteries. | | | 


25. Let 


ee 
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25. Let the Right-line A E be divided into the 
equal Parts AB, BC, CD, DE, &c. from the 
Points A, B, C, D, E, &c. let the Lines A a, B J, 
Cc, D4, and Ee, be drawn al! (perpendicular to 
AE, and confequently) parallel to one another: And 
~ let them be all in aGeometrical Progreffion: As let 
Aabe1, Bb 10, Cc 100, D 4 1000, : 


E ¢ 10000, &¢, Then fhall we have two Progreffi- 
ons of Lines, the one Arithmetical, and the other | 
Geometrical: For the Lines AB, AC, AD, AE, 
are in Arithmetical Progreffion, or as t, 2, 3, 4, 5, 
ec. and fo do reprefent the Logarithms ; to which 
the Geometrical Lines A 4, B 2, Cc, &e. do cor- 
refpond. 

L 4 26. L 
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26. Let each of the equal Parts ED, DC, CB; 
Gc. be divided equally again in F, G, H, andlet the 
Parallels Ff, Gg, &c. be drawn, and be mean Pro- 
portionals between the Collateral ones ; that is, Ee: 
Ff::Ff:D4::D4:Gg. Let there alfo be more 
mean Proportionals drawn from the middle of each 
Sub-divifion EF, FD, DG, and fo on, till thefe 
Parallel Lines growing very numerous, have at laft 
but a very {mall Diftance from each other; then 
imagine a Curve Line drawn through all the Extre- 
mities of thefe Parallels, as eoufdgha: By this — 
Means you will gain a Line, whofe Properties are 
very confiderable, and its Ufes equally great, as 
fhall be fhewn in its proper Place. * 

27. If this Figure were drawn on a very large 
Table, and with a requifite Exaëtnefs, ‘art Part 
AB, BC, &c. might be divided not only into an 
100; Or 1C00, but even into rooco, 190000 equal 
Parts and more. So that A B being rococoo, À C 
would be 2000c00, A D 3000000, &§e. as muft al- 
ways be an Arithmetical Progreffion, © 
~ 28. The Line Ee being fuppofed to contain 1000: 


Parts, let us imagine thro’ each of thofe Divifions 


a Parallel to be drawn to the Line A E, cutting the 
Curve in fo many Points; v.gr. Let the Line zo 
be drawn thro’ the Divifion 9900 of theLine Ee, and 
which cuts the Curve in the Point o. ‘Let there be 
alfo fuppofed the Parallel (to Ee) O 0, cutting the 
Line A E in the Divifion 399563. Then any one 
may know that 399563 is the Logarithm of the 
Nutaber 9ccoo, bx like manner if S 4 paffed thro’ 
the Divifion 9000,0f the Line E 6, and the Line wv 
were drawncuttins A E in 395424, then would that 
Line 4 vbe the Logarithm of 9000, 896. 
29. So that by this means a Table of Logarithms 
from 1 to 10,000 may eafily be made; and farther, 
bytproducine the Line ABT | 
Aa LR LR PER PR P, 30. Note 
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- 30. Note, to obtain all the Logarithms from 1 to 
10000; ‘twill be enough to feek the Logarithms 
from rocoto 10000 ; Thatis (having drawn the Pa- 
rallel @¢) to take the Logarithms of ail the Divifions 
from ¢ to é, which Logarithms are all contained be- 
tween E and D. For by this you will have the Lo- 
garithms of all the Parts that are between ¢ and E; 
and whofe Logarithms lie between D and À : For 
_ Example, fince Oo is 9900 Parts, and its Logarithm 
399563, the fame Number may be taken for the Lo- 
garithm of 990, W ichisN 7; as alfoof the Num- 
ber Y y 99,changing only the firft Pigure 3, becaufe, 
according to the Compofition of this Line, O N or 
‘WN Y¥ ought to be equal to ED or D €, as one may 
eafily prove. So that ON or K Y will contain 
100000 ; and becaufe À O is 399563» fubtraéting 
ON 100000, there will remain 299563, for À N 5 
from whence alfo taking 100,000, there will reft 
199563 for AY. And after the fame manner, ha- 
ving AY 3995424 for the Logarithm of V 4, which 
is 9000, you may have alfo 095424 for the Logae 
rithm of Xæ, which is 9; or 195424 for the Loga- 
rithm of 90, of 29524 forthe Logarithm of 900. 

31. All this may be reduced to Praétice for Cal- 
culation, without aétually drawing thefe Figures, 
but only imagining them to be drawn. For by the 
Rules of Common Arithmetick we may find out FJ, 
the meanProportional between D dand Ee, and after 
that, another Mean between D dand Ff, or be- 
tween Ff and E e, &c. But what we have here ex- 
plained is fufficient to gainas much Knowledge as is 
neceffary for usto have of the Nature and Com pofi- 
tion of Logarithms: There being no need for us to 
undergo the Labour of calculating Tables of Loga- 
rithms; fince ’tis already fo well and fo often done 
to our Hands: God, for the Publick Good, having 
raifed fome Perfons, whom hehas pleafed to endow 
with fafficient Patience to furmount fo tedious and 
oe a f f laborious 
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laborious a Work, as one would think to be infu- 
perable. For we know that above 20 Men were en- _ 
gaged in fuch a Calculation, for above 20 Years to- 
gether, with indefatigable Induftty and Affiduity. 
[Pardie (Peaks here a little covertly, feeming wil- 
ling to infinuate that this moft ufeful and admirable 
Work was done firft in bis own Countr , whereas the 
Logarithms were the Invention of my Lord Neper, a 
Scotch Baron, and the firft Tables were calculated 
by bim with the Affiftance of our Countryman, Mr. 
Henry Briggs. ] | 
Of late féveral Tmprovements have been made in 
this Matter : As by Nichocas Mercator, of which 
fee Dr. Wallis’s Thoughts, in PZihfoph, Tranfaët. 
38. John Gregory hath given us a Way to find Loga- 
rithms to 25 Places, by help of the Hyperbola, 
But Dottor Halley, iz Philof. Tranf. N° 216. hews 
4 Way from the bare Confideration of Numbers, and 
withal by the Help of Mr. Newton's Way to find the 
Unciz of the Numbers of a Binomial Power, &c, 
By which you may find compendioufly the Loga- 
rithms of all Nuubers to above 50 Places. And he 
ives there feveral Series for this Purpofe, fome uni- 
verfal, and fome appropriated to a peculiar fort of 
Logarithias. ety & AMODEUS 4 
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Problems or Praétical Geometry. 


SHAT Propofiti ition is called a Problem? 
We in (Geometry) which teaches us how 
¥ to do any Thing, and demonftrates 
sew alfo the Practice of it: Whereas T/eo- 
Je rems are {peculative Propofitions, in 
which are confidered the Affcétions 
and EN of Things a/ready done. 


2. To 


~ 
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i8 to be done for the other Arks. | 

To divide a Circle into fix equal Parts ; you need 
only take the Length ofthe Radius ; and applying it 
fix times about the Circle, it will exactly divide the 
Circumference into fix equal Parts; and thus by a 
new Biffeétion, may a Circle be divided into 12,24, 
48, or into any Number of equal Parts, &€€c. 

3. L0 divide a Circle into five, into fifteen, and into 
other equal Parts. This may be done thus; (as | 
demonftrate in Aigebra) Make a Reectangled Trian- 
gle, one of whofe Legs fhalf be thé Radius of the 
Circle, and the other half the Radius. From the 
Hypothenufe of this Triangle, take half the Radius, 
the Remainder fhall be the Chord of 36 deg. and 


_the Side of a Decagon. Double that Ark, you have 


theArk of 72 deg. (eehofe Chord is the Side of a Penta- 
897) and it is the fifth Part of the Circumference ; 
and the fameChord fhall be alfo the Hypothenufe of 
aKettangled Triangle,one of whofe S idesis theR adi- 
us, and the other the Side of à Decagon. And as bythe 
laft was found the Chord of 60 ez, fo by fubtraétine 
the Chord of 36 #7. from 60 eg. you may have the 
Ghord of 24 deg. which isthe 1 sth Patt of theCircum- 
ference. But for Pratice, the fhorteft and fureft Way 
is, by repeated Trials with the Compaffes to find a 

| Diftance 
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Diftance that will go precifely five times about the 
Circle: ‘Then divide, after the fame manner (by 
Trials) that Diftance into three equal Parts exadtly. 
So fhall you gaina Chord that will divide the Cir- 
cumference into 15 equal Parts ; and then dividing 
each of thofe 15 Chords into four equal Parts, and 
each of thofe into fix, you will divide the whole 
Circumference into 360 #g. And this Divifion is 
moftcommodious for Praétice and Ufe. Note, that 
the Way to divide a Circle into 3, 5, 7, or into any 
other odd Number of Parts, is not yet found Geo- 
metrically ; Geometricaiky, | fay, that is, by mak- 
ing Ufe only of a ftrait Line and Circle. 

‘© This Divifion of a Circle into 360 4eg. is very 
“ ufeful, when a Perfon underftands how to ufe the 
“ Compaffesof Proportion(or 
s* Se€ior.) Tis focalled, be- 
‘6 caufe ’tisa kind of Com- 
“paffes with bread Legs : 
“ As aB, aC, on which 
‘© aredefcribed diverfel.ines 
and Divifions, but thofe | 
“ which are moft in Ufe, are of two Sorts. On one 
‘ Side of thisSector, and on each Left, isa finer 
“ geBanda@ae€, which ferves to divide a Cir- 7 
“ cle into 360 eg; at once, and alfo to take at any 
‘time as many Degrees as you pleafe: And this 
Line on the SeGtor is thus divided. | 

4. To divide. and graduate the Seftor, that it may 
ferve for the Divifiowof a Circle. Imagine a Semi. 
circle 4 ED-B accurately divided into 180 deg. if 
then fromthe Point 4, as from a Center; you tranf 
fer the Divifions of the, Semicircle into a Line 4B 5 
v.gr If from E, 60 deg. you draw the Ark E e, 
and if from D 90 deg. in the Semicircle, you draw 
the Ark D 4, &c, Then ought 60 deg. on that Leg 
of the Seftor, to be placed at the Point e, and 90 

- | deg. 
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deg. at the Point 4, &c. And if you transfer the 
fame Degrees after the fame Manner into the other 
Leg a C, you wiil graduate the Lines a B anda CG; 
(on the Sector) as they ought to be tor this Purpofe, 
ana they will be two fimilar Lines of Choras, 
5. Loexplain the Uje of rhe Secor as Jar as ir fèrves 
Sor the Divifion of à Circle. Let there be a Circle 
given Af; take with your Compaffes the Radius A f; 
and (keeping that Diffance) {et one Foot of them in 
€ or 60 #Eg. on one Leg of the Seftor ; move the o- 
ther Leg of the Seétortoand fro fo long, till the other 
Point of the Compaffes falls exactly on e or 60 deg. 
in that Leg of the Se&tor: So that the Diftance ee 
be exa€tly equal to the Radius Af: Thenif you 
would have readily 90 degrees of that Circle ; (/et- 
ting the Sector lie ftill, and always keeping the fame 
Angle) open your Compaffes ’till the Points fall 
_ exactly on Z and #, or 90 aeg. on each Side of the 
‘Sector: And then that Diflance transferred into the 
Circle, in f, g, gives you the Ark of 95 deg. f &. 
50 allo if you would have had 35 deg. you need © 
only apply your Compaffes to 35 4eg. and 35 deg. 
on each Leg of the Seétor in the Lines (of Chords) 
 @Band aC: andthat Difance transferred into the 
Circle, fhall cut off the Ark of 35 deg. and thus - 
may you proceed to find any Degrees you pleafe. 
All which is grounded on the 42, 43,49 and 50 
Propofitions of the VI. Book. For fince all Circles 
are fimilar Figures, (6- 50.) the Chord JZ will be 
to the Radiusf A : : as the Chord of 24 to the Ra- 
dius ee; that is, asad isto de. Now "tis plain, 
from what hath been proved elfewhere, that the 
Triangles 4 2 d and ze € are fimilar ; and therefore 
ad:ee::ad:ae. But dd is by the Conftru&ion 
equal tofg, and e¢ to A f; wherefore Tg: Af:: 
4a:a4¢@ Q.E.D. I : 


_ven. be 4c, on which ’tis 


se 
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6. To dividethe Line of equal Parts or Linesorthe 
Seftor, for the Divifion of any Right. lines given. There 
being two Right-lines drawn from the Center of the 
Seétor on the Legs, asa Band aC: Let each be di- 
vided into 100 or 200 equal Parts: And then they 
will ferve to divide any Line gi- 
ven, into any Number of equal 
Parts: As for Inftance, let the 
Line given bec, and that you 
were required to take 34 Parts of 
it. Now to divide the whole 
Line ¢ into 97 equal Parts, and then to take25 of 
them according to the common Way of dividing 
Lines, would be very tedious: But by the Sector 
tis done eafily and fpeedily thus: Take theLenoth 
of the whole Line c 2 in your Compaffes, and fit or 
apply it over in your Seétor between 97 and 97 in 
each Leg, from B, fuppofe to C. Then letting the 
Sector lie open’d at that Angle, take in your Com- . 


_ paffes, the Diftance between 25 and 25 in each Leg, 


or between € and €, which transfer into the given 
Line from 2tof ; fo fhall 6 fbe juft 22 of the whole 
Line ¢ 0: As is plain from the ‘Triangles ABC and 
A Pebemp bilan 9 

7: On a Line given to make an Angle that fhall con- 
tain any Number of Degrees 
affgn'4. Let the Line gi- _ . 


required to make an Angle 

of 30 deg. From the Point 
a, as from a Center, firike 

the Ark fe, from which take by the Seétor, or 

otherwife, 30 deg. from eto f ; then through f draw 
the Linea f, which with the Line ac will make. 

an Angle of 30 4eg. © | | hp 
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8. Having rhe Angles of any Triangle and one Side 
given, to find the other tevoSiaes. Suppofe you are told 
there is a certain Triangle fomewhere, whofe Bafe 
ACis10 Fathom; and that thetwo Angles at the 
Bafe are ACB 150 deg, and CAB 20 #eg. (and 
confequently the remaining Angle at the Vertex or 
Top muftbe ro deg. for the Sum of 150, 20 and ro, 
isquft 180 deg. which is two Right Angles). Youare 
required to tell how many Fathom there are in the 
other Sides. AB and CS Make on Paper, or rathet 
on fine Pafteboard, a Triangle 4 d'c fimilar to the 

:  propos’d one, after this manner. Take a Bafe at 
pleafure ac, and from any Scale of equal Parts let it 


Ec. in Length. On this 

& Line ge make two Angles, one ¢ a0 of zo deg. and 

“= the other ac of 150(9. 7.) Then will the two 

A Länés ac and € & crefs.one another, when produced 
in the Point Z. Then meafure (on she fame Scale 
you took.the Bale ac from) howmany Luches, &c.the 
Lines. 20 and cb are in Length ; and you may be 
affured that there are juft fo many Fathom in the 
Lines A B'and C B fought, as you find Inches, €c. 
or any equal Parts, in the Lines ad and cb. For’ 
fince the Triangles are equiangular, they are fimi- 
lar, and therefore ac: ab:: AC: AB, €&e.. 

9. To: 
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9. To meafure Diftances, Heights, Depths and, in 
general the Dimenfions and Megnitudes of all remote 
ana inacceffible Places. If onthe Top of any Hill ap- | 
pearing ata Diftance, there werea Tower, as BE, and 
its Diftance from us and its Height, were required : 
You mult firft with fome Inftrument (as with a 
Quadrant that is the fourth Part ofa Circle divided 
into 90 4eg. and furnifhed with a Ruler, or Label 
with Sights, and moveable on the Center) you mutt, 
I fay, with fome fuch Infrumedt, take two Angles at 
two feveral Stations in this manner: If you are in 
the Station A, place your Inftrument fo, that one 
Side of it may anfwer exa@tly to the Horizontal Line 
À D; and keep it without raifing or depreffing it 
in this Pofition. Then place your Eye at A, (that 
is at the Center of the Infirument) and turn the La- 
bel till it point to the Top of the Tower B, and that 


= N : \ S > < Cs 
NIV ~ = 
&§ = 


looking through the Sights youcan feethe Top of the. 
‘Tower exaétly ; then will the Labelcut inthe Limb 
of the Quadrant the Degrees of the Angle BAD, 
for the Limb is fuppofed to be graduated forthis Pur- 
‘pofe : Then change your Station, moving ina Right 
line forwards 10 Fathom (or it might have been any 

other Diftance, and backward as well as forward ) 

to C, and there take after the fame manner the An. 
| gle 
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gle BCD: By which means you will have alfo the 
Angle BCA, becaufe thofe two together make 180 
deg. or two Right ones. So that inthe Triangle 
‘A BC you have now found the Bafe AC, which is 
10 Fathom, and alfo the two Angles at the Bafe ; 
and confequently the Sides CB, and AB, may be 
known: {9.#8.) And then you may have the Height 
DB, or the Diftance AD, if you make a little Tri- 
angle fimilar to that, and there from the Point 4, let 
fall a Perpendicular 22, to the Bafe Line A C con- 
tinued to 4. For BD, or AD, will be juft as many 
Fathoms asd 4, and 44 will be equal Parts meafur’d 
on the Scale, (asin the laft.) And if after you have 
thus gain’d the Height B D, you find, by the fame 
Method, the Height E D alfo, you may (by Sub- 
traëting this Altitude from the former) find the 
Height of the Tower E B. 


N. B. Lhe common Quadrant, with a String ana 
Plumimet, and with the Sights fix’ on one of 
its Sides, 18 more convenient and ready than 
this of Pardies’s, which is now our of Ufe. 


_ © Sometimes inftead of advancing towards the » 

Tower, and of makingObfervations of the Height 

‘€ below, or of thofe Angles the vifual Rays make 

“© with the Horizontal Line, it is convenient totake 
“ two Stations fide-ways of each other: But it 

“© comes all to the fame, ‘and the Praétices in rea- 

st ‘lity are not at all different. 

# And by this Means, as any one may fee, may 
all imaginable Heights and Diftances, and other 
Dimenfions be taken; provided we can but come 
to obferve their Extremities, from two different 
Places. I fhali not ftay now to defcribe the par- 
ticular Ways of doing this, nor to enumerate the 

“© great Advantages that would accrue from me 

0 
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“€ of Telefcopical Sights fix’d on theLabel, or on the 
“* Side of the Inftrument ufed in taking Angles ; 
** which indeed is an Invention of ineftimable Bene- 
“* fit to Surveyors. 

10. Zotake the Plane of any Place. Let ABCDE 
be a City, or any other Place, and you were requi- 
red to take the Plane, and to make a Draught ot it: 
Takeall the Length of its Sides, and of Lines drawn 
from Angle to Angle: And transfer all thefe upon 
Paper, laying them down according to their true 
Proportion. For Inftance, having found A B to be 
30 Paces, BC to be 59, CD 
to be 50, BE to be 67, and , a 
AE 49, &c. and having ready | 5 | 
drawn on Paper, a plain Scale A EP 

A M E \ 7G 
divided into 100 equal Parts: 
Make theLine 4 Ÿ, 30 of fuch a 
Parts; Ye, 673 and#e, 493 
then thofe Lines drawn and join’d together will make 
the Triangle 22 e every way fimilarto the Triangie 
ABE. And if you go on thus, and make the Tri- 
angle Dec, fimilarto BEC, &c. you will form the 
Figure abcde every way fimilar to the Plane of 
the Place ABCDE. 

11. But if you cannot get into the Place to furvey 
it, and to meafure the Diftance between the Angles 
FBand EC, you muft take the feveral Angles of 
the Plane, and transfer them into your Draught ; fo 
that if the Angle BA E be 66 deg. the Angle Dae 
mutt alfo be 66 deg. and fo of all the reft. 

12. Lo make a Draught of any City or Country.A- 
{cend up into any two elevated Places, from whence 
you can plainly fee the City or Country, whofe De- 
lineation you would make. And having with youa 
Quadrant, whole Circle, or Semicircle well divided 
into Degrees, together with its Label (with Sights) 
and its Center; Place de Infirument at A, ing 

eo à 
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fo that one of its Sides may lie in a Line between A 
and B, which done, and the Inftrument fix’d there, 


obferve the feveral Steeples, eminent Houfes, Tow- 
ers, Hills, and all other remarkable Places, as EDC, 
égc. and take their Angles with the Label and Sights, 
and write them all down to help your Memory. 
Thus, let the Angle CAB be 50 4eg. 30 min. the 
Angle DAB 45 4eg. 8 min. &c. Proceed after the 
fame manner at the Station B ; noting down the 
Angle ABC to be 40 deg. 10 min. the Angle ABD 
47 deg. 28 min. &c. After which, draw on Paper 
any Line at Pleafure, as a 2, and make, at each End 
of it, Angles equal to thofe which you found, cad 
equal to C À B, dad equal toD AB, anda bc e- 
qual to ABC, &9c. And by this Means you will 
have the Pointsc, 4 and e, &c. which will be in the 
fame Pofition to one another as the Steeples, or o- 
ther eminent Places CDE, &c. are. And thus 
having drawn the moft confpicuous and principal 
Places, the reft may eafily be taken by the Eye. 
But to make this Operation very exaét, ’tis conve- 
nient to take the Angles alfo at a third or fourth 
Station, and then, if they all agree, any one will 
know that the Work was well done. 


F INA ES 


TA BTE 


Of the Words and Terms of Arts ex- 


plained in this GEOMETRY. 


N. B. The firft Figure fhews the Book, the 
fecond the Article. 


A. 
Lternate and Inverfe 
Proportion 6.8, 9 
Angles Alternate, Internal 
30 


I. 
Right, Obiufe and Acute~ 


1487 

External of any Triangle 

a. 10 

Opbofite, Vertical, Contignous, 

Adjacent or Adjoining 1.17 
Rectilineal,  Curvilineal, 

Mixt 1, 6 

_ Sufrending, Subtended 2. 17 

Angles of a Polygon, their 


Quantity 3 23 
——— Of a Segment 4.2 
in a Segment 4. 3 


o—— At the Center, and at 
the Circumference of a Cir- 
cle 


4 10 
Angle Solid $. 4 
Ark of a Circle {.11 


_ Area of a Triangle how 
known SES 


Area of a Circle, how gain'd 
SA ai 
Arithmetical Proportion 8. 4 


Afeof a Triangle 2.8 

B Of a Pyramid or Cone 

5.6 

Bi-Quadrate 8. 10 

Body or Solid Ie 3 
C 

Hord of a Circle 4. 2 

Their Powers 6. 67 

Circle 1. 1$ 


Circumference of a Circle, a 


Right-line found equal to 

te 4- 31 

Commenfurable Quantities 

7e 4 

Complements of a Parallelo- 

gram 3° 12 
Compounded Proportion. 


6. 11, 72 

Congruous or Concurring Fre 
gures 2. 12 
Concave 


The TABLE. 


‘Concave 


Ie § 
Cone meafured 5e 32 
Contiguous Angles 1, U7 


Content (Solid) of Parallelo- 


pipeds,Cylinders,Pyramids, 


Cones and Spheres, how 
found Sul, 3% 
Continuum “ot compofed of 


Finite Parts Ts 42 
Converfe Proportion 6, 12 
Converfe Propolition 1. 33 
Convex I, § 
Cubes 8. 1o. 34 
Cubick Number 7. 39 
Curvilineal Angle I, 6 

Figure 2... 
Cylinder 5.10 
D 

Egrees of Progreffion 
1) Geometrical. 8. 10 
Degrees, Minutes, Seconds, 
: 1, 25 
Defcribent ET 
Dirigent 
Diagonal of univlaeal 

Figures 3.57 
Diameter Wil230%, 
Difcrete Proportionals 6. 23 
Dodecahedron 5. 39 


Divifion of Proportion 6. 10 
Draught of a City, or Coun- 


try, how taken 9.42 
ax Qual Parts 9. 16 
E Equi-lateral Qa 
Equi-multiple 6. 15 


Ex æquo, & Species of Propor- 
tion fo called Ci 555.14 
Extream and Mean Proporti- 
on 62 


F, 
Igure infcribed in a Circle 
« de 20, 21 
Circumfcribed about a Circle 
4. 20, 21 
Frufirum of a Pyramid and 
Cone how meafured 6. 48 
G 


G Eometrick Proportion 


| 8. 8 
Gnomon 2.012. 
Generation of Sines iss 

Of Triangles 2. $ 

Of all Parallelogramick 

Figures | 30 5 

H Armonical Proportion 
8e 32 
Heptagon 113.20. 
Hexagon 3 20 
Hexahedron 5. 37 
Homologous Sides 6, 26 


Hypothenufe of a Right-an- 


ik Frans _ 4 32,6. 55 
Fam ts $..40 
Incommenfurable Quan- 

tities 7: 5. 

Indivifible ALT 

Inverfe Proportion 6.8 

Ifofceles Triangles ws 7 


Ifoperimetrical — 4 32 


L Egs of a aN angledTri- 


angle 6,68 
Like Triangle 6, 38 
Line Teas 
Logarithms 8. 16 
Loxenge Figure 3.4 


Lines defcribing equal Sur- 
faces 3° § 
Mean 


The TABLE. 


| Ean Prabal 50 
M Meafure what 7.1 


Meafuring of all Heights and 


Diflances 99 
Menfuration of Area’s 3. 18 
Minutes LEA 
Mix'à Angle 1,6. 

Figure 2. I 


Multiplication of one Line by 
another 6.17 
Of a Surface by a Line 


6, 18 
N 

Umbers Plane 7.9 
Similar Planes 7. 14 
Cubick 7: 39 
Solid ew 
Square 7, 12 
O Blique ee I. 17 
Obtufe Angle ibid. 
Octagon 3-20 
O&ahedron 5. 38 

P 
Artand Parts 7.2,3 
Proportional 8. 13 
Parallel Lines 1,26, 35 
Parallelagrams nés à 
About the Diameter 3.12 
Parallelopiped 5.9 
How meafured 5,11 
Pentagon 3. 19 
Perpendicular 1.16% 4, 14 
Plane Surface ME 2 
Plane of any Place how taken 
9. 10 
Polysons CP: 
Powers of Lines pag. §5 
Prifin 58, 7°32,35 
Poblems Qo. I 

i 


Progreffion Arithmetical 8. % 
Geometrical 8. 8 

Of Squares, Cubes, bc. 8. 34 
Proportion 6.6, jee Progref- 
ion 

Pythagorick Theorem p. 53, 


54 

Proportion Circies bear to the 
Squares of their Diameters 

of Spheres to the Cubes of 


their Diameters 6. 46 
og 

Uadrato-Cube 8.10 

Quadrature of the Cir- 

cle 4. 32 


Of Hippocrates’sLunes 6.56 
Of any affigned Proportion of 


a Lune 6. 57 
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